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Fluid Dynamics as Diagnostic  Tool for Heavy Ion Collisions
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L.P. Csernai,  V. Magas,    D. Strottman,

B. Bäuchle,  Yun Cheng,   M. Zétényi

TOPICS:

- Flow measurements as diagnostic tools

- 3 dim. CFD calculations

and comments on Viscous Fluid dynamics
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Boltzmann transport equation î phase-space distribution

Conservation laws:

Conservation laws are valid for any distribution f(x,p), however these are not 
sufficient to determine f(x,p) !

Boltzmann H-theorem: (i) for any f(x,p) the entropy is increasing,  
(ii)  stationary solution, where the entropy is maximal

 local equilibrium and  EoS

+     P = P (e,n) Solvable for local equilibrium! (0. CE)

Realativistic fluid dynamics

+    η,   κ,   ... Solvable for near local equilibrium too! (1. CE)
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Relativistic fluid dynamics, 
more detailed:

RFD must be used not only 
for large velocities but for 
large energies and 
temperatures also!
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„Fire streak” picture – 3 dim.

Myers,   Gosset, Kapusta, Westfall

M1
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Initial state – reaching equilibrium

Initial state by V. Magas, L.P. Csernai and D. Strottman  
Phys. Rev. C64 (01) 014901

M1
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Flow is a diagnostic toolFlow is a diagnostic tool

Impact 
par.

Transparency –
string tension

Equilibration
time

Consequence:
v1(y), v2(y), …

M2

Why should we measure v_1 ???
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3-Dim Hydro for RHIC (PIC)

M2

Dan Strottman
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Particle in Cell method.  
Better resolution than the 
cell-size would allow! 

“Marker  particles”  = 
Lagrangian fluid cells.  Large 
number of these.

Randomly placed to avoid 
“ringing instabilities” and 
other grid related instabilities!

Runs very stable up to very 
high energies,   much beyond 
the principle applicability of 
CFD approach.
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AU +  AU   65 A GeV runs

dx    dy    dz      dt        T     cyc Tfin
[fm]  [fm]  [fm]   [fm/c]    [fm/c]     [fm]

-----------------------------------------------------
425kB b=0.0 _tnc16   .86   .86   .172   .038043   9.5107  250  4

1,029kB b=0.0 _tnc24   .575  .575  .115 .0266     4.154   156  4
387kB b=0.1 _tnc16   .86   .86   .172   .038043   9.5107  250  4
935kB b=0.1 _tnc24   .575  .575  .115 .026630   4.287   161  4
322kB b=0.25_tnc16 1.032 1.032  .2064  .038043   9.5107  250  4
780kB b=0.25_tnc24  .69   .69   .138   .266      4.900   184  4
142kB b=0.5 _tnc12 1.832 1.832  .3664  .038043   9.5107  250  5
55kB b=0.7 _tnc10 2.200 2.200 .440   .038043   9.5107  250  5

55kB b=0.7 tnc10_tf6 2.200 2.200 .440   .038043   9.5107  250  6

num-η =  dx ds T n3 / dn2 /c = dx * 50 * 200 * 1 =
if dx = 0.1 - 1 fm  =>  

η = 100 - 1000 MeV / (fm2 c)

[in peripheral collisions up to 2000 MeV / (fm2 c) ]
see  L.P.Cs. eg. (9.21)

M2
Theoretical [D. Molnar,  U. Heinz, et al., ]  
η = 50 – 500 MeV/fm2c  Re º 10 – 100
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The numerical viscosties are in the range of the
estimated physical viscosity [Csernai-EtAl- JPhys G31 (2005) 951-57]  
(except in peripehral reactions where it is larger, due to the 
considerably larger cell size, but here the applicability of hydro
is not the best anyway).

The larger than realistic viscosities in the transverse direction
dissipate more transverse flow to heat, so we get higher T and
higher thermal smearing. As our T  and thermal distributions
are scalar/isotropic our thermal smearing will be slightly
over-estimated.

M2
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Au+Au  at 60+60 A GEV, b= 0.5 (R_p + R_t) at t=0 (initial state for the hydro calculation).

Plotted: E, energy  density, [GeV/fm3], in the calculational (CM) frame. Contour lines are at
50, 100, 150  $[GeV/fm^3]$,    and  E_{max} = 190.0 GeV/fm3.
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Au+Au  at 60+60 A GEV, b= 0.5 (R_p + R_t) at t= 0.571 fm/c.

Plotted: E, energy  density, [GeV/fm3], in the calculational (CM) frame. 
Contour lines are at 2, 10,   25,  50 [GeV/fm3] and  E_{max} = 61.2 GeV/fm3 .

M2
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Au+Au  at 60+60 A GEV, b= 0.5 (R_p + R_t) at  t= 1.141 fm/c,  30 cycles.

Plotted: E, energy  density, [GeV/fm3], in the calculational (CM) frame. Contour lines 
are at 2, 10,   25,  50 [GeV/fm3] and  E_{max} = 24.91 GeV/fm3.
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Au+Au  at 60+60 A GEV, b= 0.5 (R_p + R_t) at t= 1.902 fm/c,  50 cycles.

Plotted: E, energy  density, [GeV/fm3], in the calculational (CM) frame. Contour 
lines are at   5, 2.5,   5,  8 [GeV/fm3]  and  E_{max} = 9.19 GeV/fm3 .



L.P. Csernai QM06-Shanghai 16

Au+Au  at 60+60 A GEV, b= 0.5 (R_p + R_t) at   t= 3.804 fm/c,  100 cycles.

Plotted: E, energy  density, [GeV/fm3], in the calculational (CM) frame. Contour lines are at
0.25, 1.5,   2,  3 [GeV/fm3]   and  E_{max} = 3.17 Ge/fm3V .
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Au+Au  at 60+60 A GEV, b= 0.25 (R_p + R_t) at t=0 (initial state for the hydro calculation).

Plotted: n, baryon charge density, [1/fm3], in the  rest frame of the cell.   Contour lines
are at 0.2, 1.25, 2.5, 3.75, 5, 6.25, 7.5 times n_0, and  N_{max} = 8.103 n_0 , where
n_0 = 0.145  1/fm3.

M2



L.P. Csernai QM06-Shanghai 18

Au+Au  at 60+60 A GEV, b= 0.25 (R_p + R_t) at   t = 1.33 fm/c (50 cycles). 

Plotted: n, baryon charge density, [1/fm3], in the rest frame of the cell.   Contour 
lines are at 0.2, 1.0 , 2.5, 5  times n_0, and  N_{max} = 6.541 n_0 



L.P. Csernai QM06-Shanghai 19

Au+Au  at 60+60 A GEV, b= 0.25 (R_p + R_t) at t = 2.66 fm/c (100 cycles). 

Plotted: n, baryon charge density, [1/fm3], in the rest frame of the cell.   Contour 
lines are at  0.4, 2.0, 6.0, times n_0,  and  N_{max} = 7.217 n_0 .
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Au+Au  at 60+60 A GEV, b= 0.25 (R_p + R_t) at   t = 4.79 fm/c (180 cycles). 

Plotted: n, baryon charge density, [1/fm3], in the  rest frame of the cell.   Contour 
lines are at 0.375, 3.75  times n_0, and  N_{max} = 4.095 n_0 . 
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Au + Au

65 + 65 
A.GeV

b = 25%

Time = 
cycles
0.266 fm/c

Energy 
dens.
[GeV/fm3]
Max =
140GeV/fm3

Yun Cheng,   M. Zétényi
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Observed nq – scaling 

Flow develops in quark phase, 
there is no further flow 
development after hadronization

R. A. Lacey (2006), nucl-ex/0608046.
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b = 70%  

nq scaling

Transverse momentum  distribution of  v1,   v2,  nq

Björn Bäuchle

Freeze Out:
High pT 
ptcles from
outside 
regions FO
and 
hadronize 
first!
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Rapidity distribution of  v1,   v2,  nq

b = 70% 

nq scaling

pT =    pT / nq

Björn Bäuchle
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FO hypersurface Tc=139 MeV

M3

[B. Schlei,
LANL 2005]

Freeze out:

V.K. Magas,

E. Molnar.
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Flow patterns
• Strong, correlated and dominant “Elliptic”, V2, 

flow observed (CERN/BNL).

• The flow is laminar (η is sufficiently large), & not 
dissipated (η is sufficiently small) !?

• V1, „directed flow” measurements are not as 
detailed yet   as  V2.

• The strong and dominant flow measurements 
raised large, attention!
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Joe Kapusta – Plenary Talk  - Wednesday:

Viscosity vs. T  has a minimum at the 1st order phase transition.  
This might signal the phase transition if viscosity is measured. 

At lower energies this was done.



L.P. Csernai QM06-Shanghai 28

Stability, Reynolds number

- kinematic viscosity

- viscosity

- density

- length

- velocity

In an ideal fluid any small perturbation increases 
and leads to turbulent flow. For stability 
sufficiently large viscosity and/or heat 
conductivity are needed!

Re  < 1000  - 2000

(Calculations are also stabilized by numerical
viscosity!)

Measured [Lijuan Ruan / STAR] scaling [A, E] of dimensionless v2 fluctuations , can be 
compared to constant Re contours. If the two are similar viscous effects are dominant in 
these fluctuations, and viscosity (or Re) can be extracted.  
(If not, Initial State (IS) fluctuations and FD fluctuations should be separated: complex theroretical task.)
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Re – studies in  HICs
Theoretical [D. Molnar,  U. Heinz, et al., ]  
η = 50 – 500 MeV/fm2c  Re º 10 – 100

Exp.: 50 – 800 Mev/nucleon energies  80’s
[Bonasera, Schurmann, Csernai]  
scaling analysis of flow parameters. Re º 7 – 8 !
(more dilute, more viscous matter)

In both cases     η/s ª 1      (0.5 – 5) ,
This is a value large enough to keep the 
flow laminar in Heavy Ion Collisions !!!
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SUMMARY:

- Flow measurements as diagnostic tools –
still can provide a lot of information.

- 3 dim. CFD calculations, are important but 
complex task: EoS, initial- and final states.

- Viscous Fluid dynamics: Important and can 
help to locate the phase transition threshold.
Numerical viscosity is important.
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Back up
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Local equilibrium

Fluid components

----------------------------------------------- t = const.

Hadronization,  chemical FO,   kinetic FO

Freeze-Out, FO >>> Detectors

Reaction dynamics

The collective flow shows the 
features of EoS, if in most of the 
space-time domain of the reaction 
the fluid is in local equilibrium !!!

M1
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Numerical viscosity:

1. Finite cell size  averaging ~ mom. transfer in cell

2. Leads to dissipation of kin. Energy – heating

3. If  entropy  increase is suppressed   no heating, 
BUT kinetic energy is removed from high freq. short 
wave-lengths to  low frequency long wavelength 
excitations.   

4. This is rather artificial and should be analyzed if this is 
a reasonable approach for the given problem or not.

In the PIC method:

• Cells are 0.5 – 1 fm, P gradients are smoothened

• Marker particles (LFCs) are more dense, transport is  
much more precise, sharp surfaces are maintained!
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„3rd flow” component

Hydro

[Csernai, HIPAGS’93]

[Phys.Lett.B458(99)454]
Csernai & Röhrich
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Initial state

3rd flow component


