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LHC and matter of its 
extreme, relativistic 

heavy 
ion collisions, 

theoretical challanges

International Conference “From quarks to the nuclear many-body
Problem”, Oslo, May 21-24, 2008. 

Happy Birthday Happy Birthday EivindEivind!!
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Together with:

Yun Cheng
Dan Strottman
Miklós Zétényi
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Joint
works
with
Eivind:
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The 3rd Bergen Workshop in Nuclear Physics,  Nov. 25-26, 1980

[E. Osnes: “Evaluation of Feynmann-Goldstone Diagrams 
in an angular momentum coupled representation]

Lien, 
Vågnes, 
Løvhøiden, 
Covello,
Thompson, 
Morinaga, 
Vaagen, 
Nagarajan, 
Klein,
Lilley,
Bang, 
Thorsteinsen, 
Rekstad, 
Nybø, 
Engeland, 
Hansteen, 
Osnes,
Kolltveit
(Skavlem)
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Joint activities on the nuclear equation of state (EoS), 
quark-gluon plasma (QGP) and heavy ion reactions:

First joint work Eivind & Dan in ’86 on the nuclear 
EoS started the activity on high energy phenomena.

Then, after establishing stronger connection 
between Bergen and Oslo (via BONTT) and with 
new, young colleagues, Staubo and Holme we 
applied the EoS studies to reaction modeling (with 
CFD) and evaluating observables.

These are important contributions to the physics of 
Quark-gluon Plasma.  Hadronization and FO are  
sudden processes happening actually nearly 
simultaneously at different space-time points, which 
are not causally connected to each other!
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Balaton 
workshop 1991

- On heavy ion 
reactions and 
QGP

T. Csörgö, Gy. Kluge, N. Amelin†, A. Rosenhauer, T. Engeland, G. Papp, E. Osnes,
L. Csernai, P. Carruthers†, J.S. Vaagen, D. Kamp†, Gy. Fai, M. Cserzö.

Momentum-Dependent Mean Field and the Nuclear Equation of State,
G. Fai, L.P. Csernai, C. Gale, E. Osnes, Talk at the Hungarian - Norwegian 
- US - Triangle workshop, Lake Balaton, Hungary, June 10-15, 1991.



L.P. Csernai 7

Highly energetic forms of matter

• Started in the 70s, by Walter Greiner, 
Jakob Bondorf, Horst Stöcker, and others

• The collective behaviour of matter, EoS,
was one of the most basic ingredients of 
this research from the beginning

• Thus, relativistic fluid dynamics was 
fundamental importance Relativistic 
shocks [W.Greiner, W.Sheid, E.Teller, M.Weiss, …]
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Csernai, Osnes, Staubo, Engeland, Heiselberg, Otterlund, Kienle, Nemeth, Levai, Westfall, Fai, Vaagen, Gareev, Bondorf, Ruuskanen, Goodman, Tjøm, Riisager, Strottman, Mottelson, Ingebretsen

Kopervik, 1989

Studies on EoS were presented here

[Entropy production in the relativistic heavy ion collisions - invited talk -
A. K. Holme, P. Lévai, G. Papp, L. P. Csernai,

Proc. of the 6th Nordic Meeting on Nuclear Physics; Kopervik, Norway, Aug. 10-15, 1989;  
Univ. of Bergen, Phys. Dept., Sci. Tech. Report 212/1989; Physica Scripta, T32 (1990) 155.]
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We made numerous studies of EoS, in different approaches,  first to 
describe the directed transverse flow quantitatively, 

- Then to incorporate the transition to QGP and back to hadronic 
matter at the end of the reaction.

- Both transitions to & back from QGP were expected to happen  
fast in a ‘front’
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Shocks

• Rankine and Hugoniot’s description was 
generalized to relativistic flow by A. Taub in 
1948 [A. Taub, Phys. Rev. 74 (48) 328.]

• This work was used to describe Mach shock 
cones and shock compression in early works. 
These fronts were causally connected.

• Based on Taub’s work, fronts “propagating 
super-luminously” were considered non-
physical.   E.g. [ Landau & Lifshitz: Fluid 
dynamics]
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Phase Transitions in Shocks

• Detonation, through a non causally connected 
hyper-surface (i.e. with time-like normal) seemed 
to be necessary to complete the phase transition.
[N.K. Glendenning & T. Matsui &, Phys. Lett 141B (1984) 419.]

• Tetsuo Matsui, Berkeley discussions. 
• Taub’s 1949 work was incomplete and could be 

generalized  rapid transitions are possible.
• The work on the existence of  time-like 

detonations was published in 1987:
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Shock adiabat

Detonation adiabat

Timelike h.surface

Detonation adiabat (*) and 
the Rayleigh line

(*) Taub adiabat or Rankine-
Hugoniot adiabat
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To convince the community that time-like 
shocks/detonations are physically possible, 
was not easy. In the first work an example 
was given.
The  example  was  a simple  analytic model of a radiation 
dominated implosion.

This could come up in a pellet fusion 
experiment, or  in  other highly energetic 
implosions where radiation is dominating.
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Burning and 
radiating outside 
shell
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Interestingly the space-time 
picture of hadronization and 
freeze out of expanding and 
cooling QGP is very similar.
Recognized also in 
[LV. Bravina et al., PL 354B (95)192.]

Thus, if the process is rapid, 
i.e. sudden hadronization and 
freeze out, then it can be 
described by the same 
formalism.
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We have discussed this question with Eivind and Dan already in 1989!
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We continue working on related problems

We divide the reaction to into stages: (i) initial, (ii) FD stage in local equilibrium 
with an EoS, at high, RHIC or LHC we have QGP, (iii) sudden hadronization and 
freeze out.

- Accordingly our reaction model is built up as a Multi Module Model  (MMM).

- The initial stage/module at RHIC/LHC has no shocks, but YM field theory

- The CFD module is updated considerably. 

- Flow shows constituent quark number scaling (CNQ), this is implemented in 
the FO and hadronization description after the hydro. [FAIR, CERN]

- Interesting new observation, that quark and anti-quark numbers remain 
unchanged during sudden hadronization, but the effective quark degeneracy 
must increase in CNQ.       

- The final Hadronization and freeze out module is updated considerably.

- The early results arising from conservation laws across time-like FO hyper-
surface, are just as important today
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HydroThe relativistic Euler equations used are:

Here and in the following work, N   is the particle number, M is the momentum,
E  is the energy and P  is the pressure, all defined in the calculational frame. 
They are related to the rest frame quantities by the relations:

All quantities are given in the program (i.e., dimensionless) units. In the notation of Harlow et. al (PIC code)
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Similarly to Harlow et. al we introduce the notation:

Then further:

Solution of equations between the rest and calculation frame
General Equations

In Harlow et. al one writes P = be + h; in their case, h( x ) depends on the density
and represents the compression pressure. In our case h = −4/3  Bbag.

Solving for e in eq. (8):



L.P. Csernai 22

Then inserting into eq. (9) yields

or

Inserting into this equation:

which is the form found in Amsden et. al setting b = 2/3 :

In the QGP case one has:

Pressure independent of density
Things simplify a bit if the pressure depends only on the energy e rather than 
explicitly on density through the function h above. This is the case in the QCD 
plasma wherein h = −4/3  Bbag. In this case we have

or (11)
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which upon insertion into the equation for the momentum leads to

Hence,

Solving for x So,where

One must take the minus sign to ensure x 0 when C 0. From this we can 
obtain e , eq. (11), P, v  and n.

Limits
The approach outlined above will not always work; occasionally, x will be greater 
than 1. These equations can be used to put restrictions on allowed values of B,C, 
....
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Then:

If B > Bbag

or

Harlow et. al claim that C > B2 leads to x > 1. The equation above indicates the 
situation is a bit more complicated than this in that the compression pressure 
would need to be included in their case.
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Zero Bbag
In this case

Thus

with the last expression for b = 1/3 . Solving for x

We need to take the − in the ± so that x 0 when y 0. Note that for x 1, y 1.
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If P = 0,

consequently

with the result that

This is attractive because for edge cells for which we don’t know the proper density 
(i.e., how much of a cell is filled), this definition of x does not depend on the volume 
filled.
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String rope --- Flux tube --- Coherent YM field
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Initial state – reaching equilibrium

Initial state by V. Magas, L.P. Csernai and D. Strottman  
Phys. Rev. C64 (01) 014901

M1
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Flow is a diagnostic toolFlow is a Flow is a diagnosticdiagnostic tooltool

Impact Impact 
par.par.

Transparency Transparency ––
string tensionstring tension

EquilibrationEquilibration
timetime

Consequence:Consequence:
vv11(y), v(y), v22(y), (y), ……

M2

Why should we measure v_1 ???Why should we measure v_1 ???
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33--Dim Hydro for RHICDim Hydro for RHIC (PIC)(PIC)

M2

Dan StrottmanDan Strottman
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Particle in Cell method.  Particle in Cell method.  
Better resolution than the Better resolution than the 
cellcell--size would allow! size would allow! 

““Marker  particlesMarker  particles”” = = 
LagrangianLagrangian fluid cells.  Large fluid cells.  Large 
number of these.number of these.

Randomly placed to avoid Randomly placed to avoid 
““ringing instabilitiesringing instabilities”” and and 
other grid related instabilities!other grid related instabilities!

Runs very stable up to very Runs very stable up to very 
high energies,   much beyond high energies,   much beyond 
the principle applicability of the principle applicability of 
CFD approach.CFD approach.
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Figure: In the PIC method Lagrangian fluid elements, called Markers, move in a decartian coordinate grid. At 
very high energies, to avoid instabilities arising from the computational grid, marker particles are randomized in 
our approach. The figure shows Marker particle positions in the central plane of an explosion (z is the beam 
direction), assuming an initial Landau state [15] with an energy density of 40 GeV/fm3.  A total of 1.5 million 
marker particles are used to describe the three-dimensional nucleus [unpublished].
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Figure: Test of maximum baryon number density in the explosive final stage of expanding Quark-gluon Plasma 
after an ultra-relativistic heavy ion reaction, where the initial collision energy was 65 times the rest mass of the 
colliding nuclei. The result weakly depends on the ratio of the grid size in the direction of the collision and the 
length of the time-step which is 0.5 fm/c. Implementation of implicit methods and Newton-Krylov solvers for the 
relativistic hydrodynamics will significantly decrease the fluctuations and increase the accuracy. (Unpublished.)
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Figure: Time evolution of the energy density in the central plane assuming an initial Landau state [15], which can be 
formed in a central (b=0) collision of two nuclei. The expansion is dominantly in the beam-, z-direction. The dynamics 
were described by a relativistic three-dimensional hydrodynamic model [unpublished].
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Au+AuAu+Au at 60+60 A GEV, b= 0.25 (at 60+60 A GEV, b= 0.25 (R_pR_p + + R_tR_t) at ) at t=0t=0 (initial state for the hydro calculation).(initial state for the hydro calculation).

Plotted: n, baryon charge density, [1/fmPlotted: n, baryon charge density, [1/fm33], in the  rest frame of the cell.   Contour lines], in the  rest frame of the cell.   Contour lines
are at 0.2, 1.25, 2.5, 3.75, 5, 6.25, 7.5 times n_0, and  are at 0.2, 1.25, 2.5, 3.75, 5, 6.25, 7.5 times n_0, and  N_{maxN_{max} = 8.103 n_0 , where} = 8.103 n_0 , where
n_0 = 0.145  1/fmn_0 = 0.145  1/fm33.. M2
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Au+AuAu+Au at 60+60 A GEV, b= 0.5 (at 60+60 A GEV, b= 0.5 (R_pR_p + + R_tR_t) at ) at t= 1.902 fm/ct= 1.902 fm/c,  50 cycles.,  50 cycles.

Plotted: E, energy  density, [GeV/fmPlotted: E, energy  density, [GeV/fm33], in the calculational (CM) frame. Contour ], in the calculational (CM) frame. Contour 
lines are at   5, 2.5,   5,  8 [GeV/fmlines are at   5, 2.5,   5,  8 [GeV/fm33]  and  ]  and  E_{maxE_{max} = 9.19 GeV/fm} = 9.19 GeV/fm33 ..
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Freeze Out
Rapid and simultaneous FO and 
“hadronization”

• Improved Cooper-Frye FO:
• - Conservation Laws:  
• - Post FO distribution:

• Hadronization  ~ CQ-s
• - Pre   FO:  Current      and     , QGP
• - Post FO:  Constituent     and  
• - are conserved in FO!!!

[ ] [ ] 0,0 =Λ=Λ υ
υ

υ
μυ NT

0)()( >ΛΘ pfp υ
υ

q q
qq NN and

q q
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Rapid and simultaneous FO and “hadronization” can and must be assumed
based on experiments as well as studies of phase transition dynamics.

Experiments indicate small source size  and large strangeness abundance, as 
well as CNQ scaling.  This means flow and strangeness develop in QGP phase
and no time is left for reestablishing chemical balance among light and heavy
strange hadrons, or to change the flow via interactions among hadrons.
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Observed Observed nnqq –– scalingscaling
Flow develops in quark phase, Flow develops in quark phase, 
there is no further flow there is no further flow 
development after hadronizationdevelopment after hadronization

R. A. Lacey (2006), nucl-ex/0608046.
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FO hypersurface

Tc=139 MeV

M3

[B. Schlei,
LANL 2005]

Freeze out:Freeze out:

V.K. Magas,V.K. Magas,

E. Molnar.E. Molnar.
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Improved  calculation of FO hypersurface
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Conservation Laws across hypersurface
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Space-like hypersurface II
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Matching Conditions for core/crust boundary
Conservation lawsConservation laws

Nondecreasing  entropyNondecreasing  entropy

If the final state is out of Eq.,  the energy-momentum 
tensor has to be evaluated, and the above eqs. solved!!!

[ Anderlik et al. Phys.Rev.C 59 (99) 3309]
[ Tamosiunas and Csernai, Eur. Phys. J. A20 (04) 269]
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Let us consider sudden freeze out and hadronization from QGP:

• Start with 2 flavours (u,d) end with 3 flavours (u,d,s)

• Start with massless quarks and Bbag end with massive constituent quarks (CQs)

• Start with                          and                        in QGP  end with either

(a)  keeping all quarks post FO,  i.e.  both   (very fast FO)

(b) keeping only        , & re-equilibrating  CQs (fast)

Although, these processes happen gradually, during the reaction, the rate of quark 
equilibration increases exponentially due to increasing quark degeneracy,  so we 
simplify our treatment assuming that these processes happen in the FO layer.

For a time-like FO surface, in RFF, with v0 = v = 0 nB = nB0 &   e = e0 and  T:  

qqB nnn −= qq nnn +=~

Bn
nnB
~&

C
q

C
q

C nnn +=~
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For small, finite incoming velocities the velocity change (due to pressure 
change), can be obtained from the momentum conservation: 

Fig. The ratio of post and pre FO velocity as function of ε and n for Bbag = 397GeV/ fm3.  
The freeze out may accelerate or decelerate the flow, depending on the initial state.
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Fig. The ratio of post and pre freeze out velocity , δ = (vx – v0)/v0   [%]. Contour lines of δ
are shown at values -10%,  0%,  10% as function of  ε and  n  for  B =  0.397GeV / fm3.
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In general the FO hyper-surface is not orthogonal to the flow velocities, so 
this acceleration (deceleration) is an essential consequence of the correct 
FO description!

In early simplified approach [see mentioned in L.P. Csernai: Introduction to 
Relativistic Heavy Ion Collisions] it was argued that in a flow one can 
choose a ragged FO hyper-surface like this to the right: 

t t

x x

The simplified approach, violates momentum conservation [!] and decreases flow 
effects!   Acceleration is stronger at the edge near to space-like FO, left side.  Fully 
space-like FO leads to strong acceleration as only outgoing particles can FO!
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Measurable,   v2, calculated at FO from pre- & post- FO flow pattern

At earlier FO, ~ 7.1 fm/c, the FO accelerates expansion and increases v2 due to higher QGP 
pressure. Later, at ~ 9.2 fm/c, QGP pressure becomes low or negative, which decreases v2 at 
the FO process.  A curved, but still time-like, FO hyper-surface, like shown in the previous 
page, can further increase acceleration.
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EivindEivind !!

Thanks for initiating this research !Thanks for initiating this research !




