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Multi Module Modeling

M  1st – Initial state  -- pre eq., Yang-Mills flux tube model

M  2nd – Fluid dynamics  -- (near) Thermal equilibrium

M  3rd – Final Freeze-out -- simultaneous Hadronization & FO (recomb.)

Collective dynamics   Flow observables

• V_1  & V_2       observed and analyzed

• CQN scaling  Flow develops in QGP

Goal: 

How these 3 stages and transport processes influence the observables
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How to conserve momentum? 

At low energies – fire streak picture
[Myers, Gosset, Kapusta, Westfall]

Tilted initial state
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String rope --- Flux tube --- Coherent YM field

Baryon charge & energy are uniformly distributed within each streak.
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Initial 
state

3rd flow component

This shape is confirmed 
by STAR HBT: PLB496 
(2000) 1;  & M.Lisa &al.  
PLB 489 (2000) 287.
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Flow is a diagnostic toolFlow is a diagnostic tool

Impact Impact 
par., par., bb

Transparency Transparency ––
string tension, string tension, AA

EquilibrationEquilibration
time, time, TfTf

Consequence:Consequence:
vv11(y), v(y), v22(y), (y), ……

M2

Why should we measure v_1    ???Why should we measure v_1    ???
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3-Dim Hydro for RHIC (PIC)

M2

Dan StrottmanDan Strottman
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HydroThe relativistic Euler equations used are:

Here and in the following work, N   is the particle number, M is the momentum,
E  is the energy and P  is the pressure, all defined in the calculational frame. 
They are related to the rest frame quantities by the relations:

All quantities are given in the program (i.e., dimensionless) units. In the notation of Harlow et. al (PIC code)
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Particle in Cell method.  Particle in Cell method.  
Better resolution than the Better resolution than the 
cellcell--size would allow! size would allow! 

““Marker  particlesMarker  particles”” = = 
LagrangianLagrangian fluid cells.  Large fluid cells.  Large 
number of these.number of these.

Randomly placed to avoid Randomly placed to avoid 
““ringing instabilitiesringing instabilities”” and and 
other grid related instabilities!other grid related instabilities!

Runs very stable up to very Runs very stable up to very 
high energies,   much beyond high energies,   much beyond 
the principle applicability of the principle applicability of 
CFD approach.CFD approach.

M2
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Figure: In the PIC method Lagrangian fluid elements, called Markers, move in a decartian coordinate grid. At 
very high energies, to avoid instabilities arising from the computational grid, marker particles are randomized in 
our approach. The figure shows Marker particle positions in the central plane of an explosion (z is the beam 
direction), assuming an initial Landau state [15] with an energy density of 40 GeV/fm3.  A total of 1.5 million 
marker particles are used to describe the three-dimensional nucleus [unpublished]. M2
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Au+AuAu+Au at 60+60 A GEV, b= 0.25 (at 60+60 A GEV, b= 0.25 (R_pR_p + + R_tR_t) at ) at t=0t=0 (initial state for the hydro calculation).(initial state for the hydro calculation).

Plotted: e, energy density, [GeV/fmPlotted: e, energy density, [GeV/fm33], in the  rest frame of the cell.       [tnc16 ], in the  rest frame of the cell.       [tnc16 –– high res.]high res.]

M2

.       
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Au+AuAu+Au at 60+60 A GEV, b= 0.5 (at 60+60 A GEV, b= 0.5 (R_pR_p + + R_tR_t) at ) at t= 1.902 fm/ct= 1.902 fm/c,  50 cycles.,  50 cycles.

Plotted: E, energy  density, [GeV/fmPlotted: E, energy  density, [GeV/fm33], in the calculational (CM) frame. Contour ], in the calculational (CM) frame. Contour 
lines are at   5, 2.5,   5,  8 [GeV/fmlines are at   5, 2.5,   5,  8 [GeV/fm33]  and  ]  and  E_{maxE_{max} = 9.19 GeV/fm} = 9.19 GeV/fm33 ..
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Au+AuAu+Au at 65+65 A GEV, at 65+65 A GEV, b= 0.3b= 0.3 ((R_pR_p + + R_tR_t)    (String tension A=0.08, )    (String tension A=0.08, TfTf=4.5 fm/c).=4.5 fm/c).
Plotted: e, energy density, [GeV/fmPlotted: e, energy density, [GeV/fm33], in the  calculational frame.       [tnc24 ], in the  calculational frame.       [tnc24 –– high res.]high res.] M2
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Au+AuAu+Au at 65+65 A GEV, at 65+65 A GEV, b= 0.4b= 0.4 ((R_pR_p + + R_tR_t)    (String tension A=0.065, )    (String tension A=0.065, TfTf=6 fm/c).=6 fm/c).
Plotted: e, energy density, [GeV/fmPlotted: e, energy density, [GeV/fm33], in the  calculational frame.       [tnc24 ], in the  calculational frame.       [tnc24 –– high res.]high res.] M2



L.P. Csernai 16

Au+AuAu+Au at 65+65 A GEV, at 65+65 A GEV, b= 0.5b= 0.5 ((R_pR_p + + R_tR_t)    (String tension A=0.065, )    (String tension A=0.065, TfTf= 5 fm/c).= 5 fm/c).
Plotted: e, energy density, [GeV/fmPlotted: e, energy density, [GeV/fm33], in the  calculational frame.     [tnc24 ], in the  calculational frame.     [tnc24 –– v.highv.high res.]res.] M2
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Viscosity

• No friction & damping in the initial state  (except resolution)

• Perfect fluid dynamics > no viscosity     BUT

• Numerical viscosity exists!

• Damping and dissipation at Freeze Out !!

• Viscosity can be estimated by 
- direct comparison of model results to data – model sensitive !!!

- energy and mass scaling - initial and final states should also scale ~ pFD !!!?
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Viscosity vs. “numerical viscosity”

-Viscosity is important (phase tr., initial state, stability,  etc.)
- Several numerical solution methods, finite resolution
- E.g. Lax method:

- Discretized in 1D, using the notation:

where

- Doing the  same for the Euler equation yields
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- A similar study for the FCT method results in num. kinetic viscosity:

Theoretical [D. Molnar,  U. Heinz, et al., ]  Theoretical [D. Molnar,  U. Heinz, et al., ]  
ηη = 50 = 50 –– 500 MeV/fm500 MeV/fm22c,    Re c,    Re ºº 10 10 –– 100100

For For ΔΔx=1fm, x=1fm, ΔΔt=0.9fm/c, t=0.9fm/c, ρρ=300MeV =300MeV 
ηηnumnum = 167 MeV/fm= 167 MeV/fm22cc

Numerical “viscosity”
is not negligible !!!

Viscosity vs. “numerical viscosity” contd.
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b=70% b-max.   

Flow in hydro, before  F.O.

b=30% b-max.   

b= 0   
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Flow in hydro, after appr.(*)  F.O.b=30% b-max.   

(*) Thermal smoothing in z-direction only with TFO = 
170 MeV and mFO = 139 MeV (both fixed).  
Transverse smoothing would further reduce the 
magnitude of v1 (and v2).

Correct FO description is of Correct FO description is of 
Vital Importance !Vital Importance !

Freeze Out
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„3rd flow” component

Hydro

[Csernai, HIPAGS ’93]

[Phys.Lett. B458 (99) 454]
Csernai & Röhrich



L.P. Csernai 24

v1(η): system-size dependence

System size doesn’t seem to influence v1(η).

G. Wang / STAR
QM 2006 :
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Best case: 200 GeV Au + Au

Charged hadron v1 is in the direction opposite to that of spectators.

G. Wang / STAR
QM 2006 :
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[G. Wang / STAR –
Nucl. Phys. A 774 (2006) 515–518]
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[J. Chen / STAR – J. Physics 35 (2008) 044072]



L.P. Csernai 28

Freeze Out
Rapid and simultaneous FO and 
“hadronization”

• Improved Cooper-Frye FO:
• - Conservation Laws:  
• - Post FO distribution:

• Hadronization  ~ CQ-s
• - Pre   FO:  Current      and     , QGP
• - Post FO:  Constituent     and  
• - are conserved in FO!!!

• Choice of F.O. hyper-surface / layer

    0,0  



 NT

0)()(  pfp 


q q
qq NN and

q q

M3

[L.P. Csernai, 
Sov. JETP, 65 (l987) 216.]

[Cancelling Juttner or
Cut Juttner distributions.]
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Interestingly the space-time 
picture of hadronization and 
freeze out of expanding and 
cooling QGP is very similar to 
time-like detonations [1].
Recognized also in 
[LV. Bravina et al., PL 354B (95)192.]

Thus, if the process is rapid, 
i.e. sudden hadronization and 
freeze out, then it can and 
must be described by the 
same formalism.

[1] L.P. Csernai, Sov. JETP, 65 (l987) 216.
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M3
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M3

Entropy;
bulk visc.
FAIR

Recom-
bination:

N 
reduced 
in FO !!!
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FO hyper-surface

Tc=139 MeV

M3

[B. Schlei,
LANL 2005]

Freeze out:Freeze out:

V.K. Magas,V.K. Magas,

E. Molnar.E. Molnar.
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Observed Observed nnqq –– scalingscaling 

Flow develops in quark phase, Flow develops in quark phase, 
there is no further flow there is no further flow 
development after hadronizationdevelopment after hadronization

R. A. Lacey (2006), nucl-ex/0608046.

M3

CNQ  scaling
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Freeze out in a finite layer
• The corresponding equations for both space-

like and time-like freeze out /wo re-
thermalization

• The solution:

Space-like                    Time-like

[  E. Molnar, et al., J.Phys.G34 (2007) 1901; 
Phys.Rev.C74 (2006) 024907; Acta Phys.Hung. 
A27 (2006) 359; V.K. Magas,  et al., Acta Phys. 
Hung.A27 (2006) 351. ]  See also Sinyukov’s talk 
at this conference !

This should be supplemented with a 
recombination process into hadrons /  
constituent quarks. 
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• Recombination, reduces N, makes the FO even more rapid and sudden!

• Thermal smearing is influenced by the pre-FO parton distribution  strong
BTE does not take this into account correctly: LOCAL molecular chaos fails

• Modified BTE with non-local Collision term is vital:

[Modified Boltzmann Transport Equation,
V.K. Magas, L.P. Csernai, E. Molnar, A. Nyiri and K. Tamosiunas,
Nucl. Phys.  A 749 (2005) 202-205.   /    hep-ph/0502185]

[Modified Boltzmann Transport Equation and Freeze Out,
L.P. Csernai,  V.K. Magas,  E. Molnar,  A. Nyiri and K. Tamosiunas,
Eur. Phys. J. A 25 (2005) 65 -73.   /   hep-ph/0505228]

• FO description should include, (i) partonic thermal smearing, (ii) conservation
& entropy increase, (iii) Cooper-Frye type of evaluation of post FO distribution
of (iv) constituent quarks (for flow observables).

• Parton Cascade (MD !) and recombination model is a good alternative! 

Simultaneous FO & recombination



L.P. Csernai 36

Let us consider sudden freeze out and hadronization from QGP:

• Start with 2 flavours (u,d)  end with 3 flavours (u,d,s)

• Start with massless quarks and Bbag  end with massive constituent quarks (CQs)

• Start with                          and                        in QGP   end with either

(a)  keeping all quarks post FO,  i.e.  both   (very fast FO)

(b) keeping only        , & re-equilibrating  CQs (fast)

Although, these processes happen gradually, during the reaction, the rate of quark 
equilibration increases exponentially due to increasing quark degeneracy,  so we 
simplify our treatment assuming that these processes happen in the FO layer.

For a time-like FO surface, in RFF, with v0 = v = 0  nB = nB0 &   e = e0 and  T:  

qqB nnn  qq nnn ~

Bn
nnB
~&

C
q

C
q

C nnn ~

M3
[Yun Cheng]
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For small, finite incoming velocities the velocity 
change (due to pressure change), can be obtained 
from the momentum conservation: 

Fig. The ratio of post and pre FO velocity as function of ε and n for Bbag = 397GeV/ fm3.  
The freeze out may accelerate or decelerate the flow, depending on the initial state.
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“ The Cooper-Frye choice proceeds from the 
requirement of continuity of the hypersurface. 
The difference between these two choices is 
illustrated in Fig. 1. The lower panel of Fig. 1 
shows a schematic structure of Milekhin’s
hypersurface. In practical calculations, the 
fragments of Milekhin’s hypersurface
are so tiny that the whole hypersurface looks 
like that in the upper panel of Fig. 1, however, 
with the normal vector to
each tiny fragment coinciding with the four-
velocity.

Therefore, Milekhin’s method in 
fact conserves energy, but to see 
it one should consider it on a 
discontinuous hypersurface. … “

[V. N. Russkikh & Yu. B. Ivanov, 
Phys. Rev. 76, 054907 (2007)]:
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In general the FO hyper-surface is not orthogonal to the flow velocities, so 
this acceleration (deceleration) is an essential consequence of the correct 
FO description!

In early simplified approach [see mentioned in L.P. Csernai: Introduction 
to Relativistic Heavy Ion Collisions] it was argued that in a flow one can 
choose a ragged FO hyper-surface like this to the right: 

t t

x x

The simplified approach, violates momentum conservation [!] and decreases flow 
effects!   Acceleration is stronger at the edge near to space-like FO, left side.  Fully 
space-like FO leads to strong acceleration as only outgoing particles can FO!

M3

P dV
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SUMMARY

• Initial state is decisive and can be tested by v1 & v2

• v1 dominates in semi-central collisions

• position of v1 peak depends on   b,  σ,  Tf.

• Viscosity is important both in hydro and in the initial dynamics

• Numerical viscosity should be corrected for

• F.O. CNQ scaling indicates QGP, simplifies F.O. description 
to Constituent Quarks.
This requires, however, Modified BTE description

• F.O.       leads to acceleration ! (simplified approach eliminates this)
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