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Multi Module Modeling

M  1st – Initial state  -- pre eq., Yang-Mills flux tube model

M  2nd – Fluid dynamics  -- (near) Thermal equilibrium

M  3rd – Final Freeze-out -- simultaneous Hadronization & FO (recomb.)

Collective dynamics   Flow observables

• V_1  & V_2       observed and analyzed

• CQN scaling  Flow develops in QGP

Goal: 

How these 3 stages and transport processes influence the observables
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How to conserve momentum? 

At low energies – fire streak picture 
[Myers, Gosset, Kapusta, Westfall]

Tilted initial state
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String rope --- Flux tube --- Coherent YM field

Baryon charge & energy are uniformly distributed within each streak.
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Initial 
state

3rd flow component

This shape is confirmed 
by STAR HBT: PLB496 
(2000) 1;  & M.Lisa &al.  
PLB 489 (2000) 287.
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Initial state – reaching equilibrium
Initial state 
V. Magas, L.P. Csernai and D. Strottman  
Phys. Rev. C64 (2001) 014901
Nucl. Phys. A 712 (2002) 167–204

M1

This shape is confirmed 
by STAR HBT: PLB496 
(2000) 1;  & M.Lisa &al.  
PLB 489 (2000) 287. 3rd flow component
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Flow is a diagnostic toolFlow is a Flow is a diagnosticdiagnostic tooltool

Impact Impact 
par., par., bb

Transparency Transparency ––
string tension, string tension, AA

EquilibrationEquilibration
time, time, TfTf

Consequence:Consequence:
vv11(y), v(y), v22(y), (y), ……

M2

Why should we measure v_1    ???Why should we measure v_1    ???
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33--Dim Hydro for RHIC (PIC)Dim Hydro for RHIC (PIC)

M2

Dan StrottmanDan Strottman
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HydroThe relativistic Euler equations used are:

Here and in the following work, N   is the particle number, M is the momentum,
E  is the energy and P  is the pressure, all defined in the calculational frame. 
They are related to the rest frame quantities by the relations:

All quantities are given in the program (i.e., dimensionless) units. In the notation of Harlow et. al (PIC code)
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Particle in Cell method.  Particle in Cell method.  
Better resolution than the Better resolution than the 
cellcell--size would allow! size would allow! 

““Marker  particlesMarker  particles”” = = 
Lagrangian fluid cells.  Large Lagrangian fluid cells.  Large 
number of these.number of these.

Randomly placed to avoid Randomly placed to avoid 
““ringing instabilitiesringing instabilities”” and and 
other grid related instabilities!other grid related instabilities!

Runs very stable up to very Runs very stable up to very 
high energies,   much beyond high energies,   much beyond 
the principle applicability of the principle applicability of 
CFD approach.CFD approach.

M2
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Au+AuAu+Au at 60+60 A GEV, b= 0.25 (at 60+60 A GEV, b= 0.25 (R_pR_p + + R_tR_t) at ) at t=0t=0 (initial state for the hydro calculation).(initial state for the hydro calculation).

Plotted: e, energy density, [GeV/fmPlotted: e, energy density, [GeV/fm33], in the  rest frame of the cell.       [tnc16 ], in the  rest frame of the cell.       [tnc16 –– high res.]high res.]

M2
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Au+AuAu+Au at 65+65 A GEV, b= 0.5 (at 65+65 A GEV, b= 0.5 (R_pR_p + + R_tR_t)    (String tension A=0.065, )    (String tension A=0.065, TfTf= 5 fm/c).= 5 fm/c).
Plotted: e, energy density, [GeV/fmPlotted: e, energy density, [GeV/fm33], in the  calculational frame.     [tnc24 ], in the  calculational frame.     [tnc24 –– v.highv.high res.]res.] M2
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Viscosity vs. “numerical viscosity”
-Viscosity is important (phase tr., initial state, stability,  etc.)
- Several numerical solution methods, finite resolution
- E.g. Lax method:

- Discretized in 1D, using the notation:

where

- Doing the  same for the Euler equation yields
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- A similar study for the FCT method results in num. kinetic viscosity:

Theoretical [D. Molnar,  U. Heinz, et al., ]  Theoretical [D. Molnar,  U. Heinz, et al., ]  
ηη = 50 = 50 –– 500 MeV/fm500 MeV/fm22c,    Re c,    Re ºº 10 10 –– 100100

For For ΔΔx=1fm, x=1fm, ΔΔt=0.9fm/c, t=0.9fm/c, ρρ=300MeV =300MeV 
ηηnumnum = 167 MeV/fm= 167 MeV/fm22cc

Numerical “viscosity”
is not negligible !!!

Viscosity vs. “numerical viscosity” contd.
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b=70% b-max.   

Flow in hydro, before  F.O.

b=30% b-max.   

b= 0   
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Flow in hydro, after appr.(*)  F.O.b=30% b-max.   

(*) Thermal smoothing in z-direction only with TFO = 
170 MeV and mFO = 139 MeV (both fixed).  
Transverse smoothing would further reduce the 
magnitude of v1 (and v2).

Correct FO description is of Correct FO description is of 
Vital Importance !Vital Importance !

Freeze Out
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„3rd flow” component

Hydro

[Csernai, HIPAGS ’93]

[Phys.Lett. B458 (99) 454]
Csernai & Röhrich
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v1(η): system-size dependence

System size doesn’t seem to influence v1(η).

G. Wang / STAR
QM 2006 :
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[G. Wang / STAR –
Nucl. Phys. A 774 (2006) 515–518]
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Jet quenching – Mach Shock Cone

[ B. Betz, U. Frankfurt ]



L.P. Csernai 22

Planing:

High speed 
compared to 
wave speed!

No waves 
related to ship 
or body speed
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Wave of a swimmer, 
tail-wave is one body 
–length (~1m = 2 
marks on lane rope)

Diverging and 
primary waves are 
well pronounced

Submerged body cont.
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Freeze Out
Rapid and simultaneous FO and 
“hadronization”

• Improved Cooper-Frye FO:
• - Conservation Laws:  
• - Post FO distribution:

• Hadronization  ~ CQ-s
• - Pre   FO:  Current      and     , QGP
• - Post FO:  Constituent     and  
• - are conserved in FO!!!

• Choice of F.O. hyper-surface / layer

    0,0  



 NT

0)()(  pfp 


q q
qq NN and

q q

M3

[L.P. Csernai, 
Sov. JETP, 65 (l987) 216.]

[Cancelling Juttner or
Cut Juttner distributions.]
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Preventing turbulence

The instability of deflagration-
(flame-) front is not desirable 
at supersonic fronts.

With increasing temperature 
the radiation becomes 
dominant and stabilizes the 
flame front. 
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The radiative transfer also modifies the dissipative 
transport. This is of vital importance, because radiative 
transport propagates with the speed of light, and able to 
stabilize processes which cannot be stabilized by 
mechanical pressure. This is actually the reason of the 
failure of different rocket engines, and the success of the 
space shuttle rockets as well as of the implosion devices 
in the nuclear bombs.  One should just look at the 
extremely stable, blue-ultraviolet flame fronts (15 000 
oK) of the Space-Shuttle's liquid fuel rockets stabilized 
by radiative energy-momentum transfer, in contrast to 
the hardly stable, turbulent red flames at ignitions with 
lower  temperatures. [Picture, NASA]
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Interestingly the space-time 
picture of hadronization and 
freeze out of expanding and 
cooling QGP is very similar to 
time-like detonations [1].
Recognized also in 
[LV. Bravina et al., PL 354B (95)192.]

Thus, if the process is rapid, 
i.e. sudden hadronization and 
freeze out, then it can and 
must be described by the 
same formalism.

[1] L.P. Csernai, Sov. JETP, 65 (l987) 216.
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Matching Conditions for core/crust boundary
 Conservation lawsConservation laws

 Nondecreasing  entropyNondecreasing  entropy

If the final state is out of Eq.,  the energy-momentum 
tensor has to be evaluated, and the above eqs. solved!!!

[ Anderlik et al. Phys.Rev.C 59 (99) 3309]
[ Tamosiunas and Csernai, Eur. Phys. J. A20 (04) 269]

M3
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M3
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M3

Entropy;
bulk visc.

FAIR!

Recom-
bination:

N 
reduced 
in FO !!!
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FO hypersurface

Tc=139 MeV

M3

[B. Schlei,
LANL 2005]

Freeze out:Freeze out:

V.K. Magas,V.K. Magas,

E. Molnar.E. Molnar.
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Constant pre FO temperature contour from hydro for the upper hemisphere, x>0
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Conservation Laws across hypersurface

M3
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Freeze out in a finite layer
• The corresponding equations for both space-

like and time-like freeze out /wo re-
thermalization

• The solution:

Space-like                    Time-like

[  E. Molnar, et al., J.Phys.G34 (2007) 1901; 
Phys.Rev.C74 (2006) 024907; Acta Phys.Hung. 
A27 (2006) 359; V.K. Magas,  et al., Acta Phys. 
Hung.A27 (2006) 351. ]

This should be supplemented with a 
recombination process into hadrons /  
constituent quarks. 
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The invariant The invariant ““ EscapeEscape”” probabilityprobability

Escape probability factors for different points on FO 
hypersurface, in the RFG.  Momentum values are in units of [mc]

A B C

D E F

t’

x’

[RFG][RFG]
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• Recombination, reduces N, makes the FO even more rapid and sudden!

• Thermal smearing is influenced by the pre-FO parton distribution  strong
BTE does not take this into account correctly: LOCAL molecular chaos fails

• Modified BTE with non-local Collision term is vital:

[Modified Boltzmann Transport Equation,
V.K. Magas, L.P. Csernai, E. Molnar, A. Nyiri and K. Tamosiunas,
Nucl. Phys.  A 749 (2005) 202-205.   /    hep-ph/0502185]

[Modified Boltzmann Transport Equation and Freeze Out,
L.P. Csernai,  V.K. Magas,  E. Molnar,  A. Nyiri and K. Tamosiunas,
Eur. Phys. J. A 25 (2005) 65 -73.   /   hep-ph/0505228]

• FO description should include, (i) partonic thermal smearing, (ii) conservation
& entropy increase, (iii) Cooper-Frye type of evaluation of post FO distribution
of (iv) constituent quarks (for flow observables).

Parton Cascade (MD !) and recombination model is a good alternative! 

Simultaneous FO & recombination
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Constituent quark number scaling of vConstituent quark number scaling of v22 (KE(KETT ))

Collective flow of hadrons 
can be described in terms 
of constituent quarks.

Observed Observed nnqq –– scalingscaling 

Flow develops in quark phase, Flow develops in quark phase, 
there is no further flow there is no further flow 
development after hadronizationdevelopment after hadronization

R. A. Lacey (2006), nucl-ex/0608046.

CNQ  scalingCNQ  scaling
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Hadronization via recombinationHadronization via recombination
Momentum distribution of mesons in simple recombination model:

Local  fq(pµuµ)  is centered at the local u,  &  meson Wigner function:
momentum conservation

comoving quark and antiquark:

for the momentum distribution of mesons we get:

for baryons, 2 3flow moments:
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 Elliptic flow of mesons:

For baryons:

Scaling Variables of Flow:

1st step:   Flow asymmetry:  V2 / n q  V2 scales with nq i.e., flow develops
in QGP phase, following the common flow velocity, u, of all q-s and g-s.
Mass here does not show up (or nearly the same mass for all constituent 
quarks). 

Then flow asymmetry does not change any more.

In a medium pT is not necessarily conserved, K ET = mT – m  might be 
conserved   scaling in the variable K ET [J. Jia & C. Zhang, 2007]
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2nd step:   pt / nq  K ET / nq =  mo (√(1+u2) - 1) / nq
 u << 1 :  mo uT

2 / 2
 u >> 1 :  mo uT

Thus, scaling flow indicates dependence (equilibration) of transverse energy, i.e., not only the 
flow velocity but the constituent quark mass, mo, participates. Flow momentum changes while 
energy equilibrates in a finite system (Canonical Ensemble).

The final stages of hadronization do not change the flow-asymmetry, but locally the constituent 
quarks complete their "dress up" in their local region by redistributing energy to reach 
equilibrium.

In CONCLUSION the FO and hadronization is a gradual process, where  (i) first 
constituent quarks from and gain nearly equal masses, (ii) then flow asymmetry 
freezes out, (iii) finally constituent quarks locally recombine into hadrons, by equating 
the transverse energy, but not changing the flow pattern. 

This indicates a FO process in a FINITE LAYER, first with longer range equilibration 
and smoothing simultaneously to the formation of constituent quarks, then the 
process completes by reaching the required hadronic mass differences.
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QGP – Bag model EoS  Constituent quark gas
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Acceleration, Acceleration, nonrelativiticnonrelativitic limitlimit

Acceleration if PQGP > Phadr
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In general the FO hyper-surface is not orthogonal to the flow velocities, so 
this acceleration (deceleration) is an essential consequence of the correct 
FO description!

In early simplified approach [see mentioned in L.P. Csernai: Introduction 
to Relativistic Heavy Ion Collisions] it was argued that in a flow one can 
choose a ragged FO hyper-surface like this to the right: 

t t

x x

The simplified approach, violates momentum conservation [!] and decreases flow 
effects!   Acceleration is stronger at the edge near to space-like FO, left side.  Fully 
space-like FO leads to strong acceleration as only outgoing particles can FO!

M3
FAIR

P dV
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SUMMARY

• Initial state is decisive and can be tested by v1 & v2

• v1 dominates in semi-central collisions

• v2 dominates in more peripheral collisions

• position of v1 peak depends on   b,  σ,  Tf.

• Viscosity is important both in hydro and in the initial dynamics

• Numerical viscosity should be taken in correction

• F.O. : entropy condition  space like FO is  weak at RHIC / LHC &

• important at FAIR

•  bulk viscosity limits space like  F.O.  >>  FAIR

• CNQ scaling indicates QGP, simplifies F.O. description to Const. Quarks.
This requires, however, Modified BTE description

• F.O.  leads to acceleration ! (simplified approach eliminates this)
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The END
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Viscosity – Momentum transfer
Via    VOIDSVia    VOIDS Via    PARTICLESVia    PARTICLES

LiquidLiquid GasGas

[ Enskog, 1921 ]

MinimumMinimum
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Helium (NIST)

Water (NIST)

QGP (Arnold, 
Moore, Yaffe)

This phenomenon can help us This phenomenon can help us 
to detect experimentally the to detect experimentally the 
critical point:critical point:

η can be determined from (i) 
fluctuation of flow parameters 
and from (ii) scaling properties 
of flow parameters. 

[Prakash, 
Venugopalan, .]
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