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I. INTRODUCTION

The Particle-In-Cell (PIC) hydro code PICR was originally developed to describe the collision of two heavy ions
at relativistic energies. It is an extension of the PIC method invented by Harlow [1–7] to describe fluid flow in which
there are shock waves and large distortions. An early review of the PIC method can be found in the publication of
Amsden[8]. A discussion of fluid dynamics in general and the role of approximation schemes may be found in the
monograph by Harlow and Amsden[9]. Harlow had expected the PIC method to disappear with time, but this has
clearly not happened[10, 11]. The PIC method was very successful as can be seen by an examination of the literature
of the many methods that have evolved from the original PIC method including smoothed particle methods. A review
of some of these methods and a discussion of why particle methods work can be found in Monaghan [12–14]. The
main advantage of the PIC method over continuum methods is the ability to handle large distortions – including the
opening of voids in the fluid – and the explicit conservation of particle number and energy-momentum. Since the fluid
is represented by marker particles, number conservation is assured so long as no markers leave the mesh, or if they
do, one can easily account for them.

The PIC method as applied to the relativistic Euler equations was first described by Harlow et al[15] and applied
to a simple collision of two heavy ions by them in ref.[16]. [The PIC method requires large amounts of computer
memory and for this reason, it was difficult to apply to fully three-dimensional problems until the recent development
of computers with large memories.] The original scenario described two elliptical (because of the Lorentz contraction)
nuclei colliding and the code followed their evolution; we refer to this scenario as the classical case. This aspect of
physics was reviewed in ref. [17]. The equations of state allowed for both thermal and compressional energies and
pressures. For completeness and to establish notation, the relativistic Euler equations are given in section II. The
method of solution – the Particle-In-Cell method – is also described in section III.

A variant of this model allowed for two separate fluids that interpenetrated[18–20]. The amount of interpenetration
was governed by a coupling, the parameters of which were obtained from high-energy NN and N-nucleus scattering[21].
It was further developed by the Kurchatov-Frankfurt collaboration (see Ref. [22] and references therein). The Los
Alamos-Stony Brook effort was shelved because of the development of density fluctuations, a problem resulting from
the small numbers of marker particles then possible, but which is now feasible.

A subsequent evolution of the code allowed for an initial state that was predefined, i.e. it was described by a more
microscopic calculation [23–25] - a string model - and the results describing the initial plasma was stored and used as
an initial state for the hydrodynamics code. The relevant equations and the simplifications that use of a Quark-Gluon
Plasma equation-of-state are described in Appendix V D 1.

A natural evolution of the code would allow an arbitrary (or at least one that can be described by a static data
file) initial state. The description of such a file and its format is described in section IV K 1. The input files and their
formats are also given here. Dynamic initial states, i.e. initial states that are gradually introduced, are also possible,
and were explored in p̄-annihilation[26, 27] in 1982 and 1984.
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II. RELATIVISTIC HYDRODYNAMICS

A. Perfect fluid dynamics

The relativistic Euler equations are:

∂N

∂t
+ ~∇ · (~vN) = 0 , (1)

∂Mk

∂t
+

∂

∂xi
(viMk) = − ∂P

∂xk
, (2)

∂E

∂t
+ ~∇ · (~vE) = −∇ · (~vP ) . (3)

Here and in the following, N is the particle number, ~M is the momentum, E is the energy and P is the pressure, all
defined in the calculational frame. Each of the quantities in Eqs. 1, 2 and 3 are related to the rest-frame quantities
by the relations

N = γn

~M = γ2(ε+ P )~v (4)

E = γ2ε+ (γ2 − 1)P .

All quantities are given in the program (i.e., dimensionless) units. In the notation of Harlow et al[15]

N → N

n0

~M →
~M

n0m0

E → E

n0m0

ε→ ε

n0m0
= y .

where n0 is normal nuclear density (0.145 nucleons/fm3) and m0 is the mass of a nucleon.

If the pressure is zero, one has ~v =
~M
E .

Finally, one has to provide an equation of state relating thermodynamical variables; one can write this equation in
the form

P = P (ε, µ)

where µ is the chemical potential and ε the energy density.
Equations 1, 2, 3 and 4 must be solved with appropriate initial and boundary conditions.
After a period of hydrodynamic expansion, the system will become sufficiently dilute that the particles cease to

interact. At this point, the so-called break-up time, the hydrodynamical equations cease to be valid and the simulation
is stopped.

Let

x = ~v · ~v =
γ2 − 1

γ2

γ2 =
1

1− x γ2 − 1 = xγ2

B = E

C = ~M · ~M
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Then we have the set of equations that relate the calculation frame quantities to those in the rest-frame:

N2(1− x) = n2

~M · ~M (1− x)2 = C(1− x)2 = x(ε+ P )2 (5)

E(1− x) = B(1− x) = ε+ xP .

Simplifications in special cases are discussed in Appendix V D.

III. SOLUTION OF THE RELATIVISTIC EULER EQUATIONS

The PIC method is a combination of a Lagrangian method and an Eulerian method. One could envisage that
there are two meshes, one Eulerian and one Lagrangian. The Eulerian mesh is fixed in space; it is a ’scratch pad’
for the dynamics. The Eulerian mesh accounts for the storage of momentum, energy and particles. Conversely, the
Lagrangian mesh moves with the fluid; it is represented by the marker particles which describes the flow of the fluid.

The Euler equations are solved in three steps. The first step is Lagrangian in nature. In a true Lagrangian method
the fluid cells distort to follow the fluid. In the first phase of the PIC method one solves the equations of motion on
a grid as though it were a Lagrangian grid: grid and particles move together. One ignores the advection terms.

In the second step (Eulerian) the matter moves and the transport of matter and energy across cell boundaries, if
any, is taken into account in proportion to the amount of mass carried by marker particles from cell to cell.

In the third step all rest-frame values for each cell are recalculated so they can be used in the next iteration. In
practice, this is primarily the pressure which is defined in the rest-frame and the velocities.

A. Phase 1 - Solution of the Lagrangian phase

In the first step the convective parts of the equations are ignored. The equations read for this step:

∂N

∂t
= 0 ,

∂Mk

∂t
= − ∂P

∂xk
,

∂E

∂t
= −∇ · (~vP ) .

The first equation (as well as all references to N below) can be ignored since particle number is explicitly conserved
in this approach. The remaining two equations are solved by writing them as finite difference equations:

(M̃x)i,j,k = (Mx)i,j,k −
δt

δx

(
Pi+ 1

2 ,j,k
− Pi− 1

2 ,j,k

)
,

(M̃y)i,j,k = (My)i,j,k −
δt

δy

(
Pi,j+ 1

2 ,k
− Pi,j− 1

2 ,k

)
,

(M̃z)i,j,k = (Mz)i,j,k −
δt

δz

(
Pi,j,k+ 1

2
− Pi,j,k− 1

2

)
,

(Ẽ)i,j,k = (E)i,j,k −
δt

δx

(
vi+ 1

2 ,j,k
Pi+ 1

2 ,j,k
− vi− 1

2 ,j,k
Pi− 1

2 ,j,k

)

− δt

δy

(
vi,j+ 1

2 ,k
Pi,j+ 1

2 ,k
− vi,j− 1

2 ,k
Pi,j− 1

2 ,k

)

− δt

δz

(
vi,j,k+ 1

2
Pi,j,k+ 1

2
− vi,j,k− 1

2
Pi,j,k− 1

2

)

(6)

where

Pi+ 1
2 ,j,k

= 1
2 (Pi+1,j,k + Pi,j,k) if i+ 1, j, k is occupied

= 0 if i+ 1, j, k is empty. (7)

vi+ 1
2 ,j,k

= 1
2 (vi+1,j,k + vi,j,k) if i+ 1, j, k is occupied

= 1
2vi+1,j,k if i+ 1, j, k is empty. (8)
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Most of the quantities are defined for the entire cell, e.g., Ei,j,k, and when necessary, it is assumed this quantity
relates to the cell center. Quantities that refer to cell-edge variables will be written with fractional indices: Pi+ 1

2 ,j,k
.

The relation, eq. (7) defines the boundary condition we impose that the so pressure for boundary cells is zero.

B. Phase 2 - Movement of the Fluid

In the second step one takes into account the terms dropped in the first step. The marker particles are moved
according to the following prescription: Each marker particle is given an effective velocity, v̄i,j,k, for its motion through
a volume-weighted interpolation using a cube (assuming all three lengths are identical) centered on the marker particle.
Each particle is moved a distance v̄i,j,k δt.

If the marker particle remains in the same cell, neither the energy nor momentum contained within the cell changes.
If the marker particle crosses a cell boundary, it carries with it an amount of momentum and energy equal to an amount
assuming all marker particles in the cell divide the energy and momentum equally:

(δEi,j,k = νĒi,j,k, δ ~Mi,j,k = ν ~Mi,j,k) (9)

where ν−1 is the number of marker particles in cell i, j, k. The new energy and momentum will be

Ei,j,k = Ēi,j,k + δEi,j,k

Mx
i,j,k = M̄x

i,j,k + δMx
i,j,k

My
i,j,k = M̄y

i,j,k + δMy
i,j,k

Mz
i,j,k = M̄z

i,j,k + δMz
i,j,k . (10)

Because of the way the marker particles are originally positioned, one must take great care in the movement of the
marker particles or existing symmetries will be destroyed and erroneous conclusions might be drawn. To maintain
the symmetry the amount of transferred energy and momentum are stored until all cells marker particles have been
moved: if there were n = ν−1 particles in a cell and two marker particles were to leave, the first would carry 1

n of the

energy-momentum and the second would carry 1
n−1 .

This is discussed in appendix V C.

C. Phase 3 - Solution of Equations Relating the Rest and Calculation Frames

After completion of steps one and two, one has new values of (Ei,j,k, ~Mi,j,k) for each cell. The new rest-frame density
n, pressure Pi,j,k and velocity ~vi,j,k for each cell must be calculated. It is in this step wherein there is considerable
possibility for errors to be introduced.

The origin of these errors is easy to understand – but more difficult to resolve. The equations above, Eqs. (6)
relate the two frames, calculation and rest. The problems are for those cells at the surface of the fluid: how does one
define the density? Consider a cell in which 43 = 64 marker particles represent normal nuclear density, n0. If, e.g. a
surface cell contains 32 marker particles, does this imply the density is 1

2n0? But the marker particles could all be in
a volume very near an interior cell for which the density is much greater than n0 and the true surface of the nuclear
matter is not the edges of the cell, but somewhere nearer the interior cell. There is no single, correct answer but how
one resolves this problem will be reflected in the accuracy of the simulation. However, one ’simple’ method to reduce
the error, at least in the initial steps of a simulation, is to use as many cells as possible; i.e., reduce the surface to
volume ratio. Ultimately, however, as the fluid expands more and more of the fluid cells are surface cells. This only
one more reason a hydrodynamic simulation becomes invalid at the later stages of an expansion.

Note that this problem arises in Eulerian methods, but not in Lagrangian methods. But the latter methods suffer
from serious problems dealing with extreme deformations and cannot normally handle void that might open during
an expansion. This is simply a restatement of the fundamental fact that all methods are approximations; some are
just better than others.

In general one sees the calculation proceeds as
1) Interpolate ~v to the particles;
2) Move the particles and transport the energy and momentum;

3) Assign (E, ~M) back to the grid. This requires a choice of an assignment function.
Following the discussion of Hockney and Eastwood [28], one distinguishes a cloud shape, S, and the resulting

assignment function, W . In the version of PIC described above we follow Harlow’s [5, 15] treatment in using the
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nearest grid point (NGP) scheme: the ’cloud’ is a delta function and the resulting assignment function is a step
function which gives rise to the effect that all of a particle’s contribution is assigned to the cell in which it resides. In
general the assignment function must be the same or greater order than the interpolation.

1. General Case

In Harlow et al[15] one writes P = bpε + h(ξ) where ξ is the density; in their case, h(ξ) depends on the density
and represents the compressional pressure. The quantity bp could be a function of temperature, etc. However, in the
non-relativistic case one usually takes bp = 2

3 and in the relativistic case bp = 1
3 . Eqs. (6) become:

A2(1− x) = ξ2 (11)

E(1− x) = ε+ x(bpε+ h) = (1 + xbp)ε+ xh (12)

C(1− x)2 = x[ε(1 + bp) + h]2 (13)

P = bpε+ h (14)

Solving for ε in eq. 12

ε =
E(1− x)− xh

1 + xbp

and inserting into eq. (13),

C(1− x)2 = x
[ (1 + bp)[E(1− x)− xh]

1 + x bp
+ h
]2

= x
[ (1− x)(E + h+ bp E)

1 + xbp

]2

or

C = x
(B + h+ bp B)2

(1 + xbp)2

x =
C(1 + xbp)

2

(B + h+ bpB)2
. (15)

Inserting x = 1− ξ2

A2 into this equation one obtains

ξ2 = A2
[
1− C(1 + bp − bpξ2)2

(B + h+ bpB)2

]

which is the form found in Amsden et al[15] if one sets bp = 2
3 :

ξ2 = A2
[
1− C(5− 2ξ2)2

(5B + 3h)2

]
.

If one sets bp = 1
3 one has the result

ξ2 = A2

(
1− C

(
ξ2 − 4

)2

(4B + 3h)2

)
(16)

We solve this equation for ξ by iteration rather than using a root solver to avoid ambiguities in those instances
wherein there might be multiple roots.

In some cases when iteration fails, we try solving for x in Eq. (15) starting with x=1.
In the QGP case one has P = 1

3ε− 4
3Bbag:

ξ2 = A2
[
1− C( 4

3 − 1
3ξ

2)2

( 4
3B − 4

3Bbag)
2

]
= A2

[
1− C(4− ξ2)2

16(B −Bbag)2

]
(17)

which is simple to solve and for which a closed form can be found. Further discussions of other simplifications and
considerations are deferred to the appendix V D.
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IV. EXECUTION OF THE HYDRO CODE PICR

N.B. This is a research code; some inputs might might change.

A. Local Variants

All routines not normally part of the standard Fortran library are included in the code e.g. the Error function
routines from Numerical Recipes except for the random-number generator. These routines are required in the set-up
routines to generate the random positions of the marker particles. The calls to random seed and random number must
be replaced with the local variant.

B. Initiating Operation of PICR

Executing the relativistic hydro code PICR normally requires input from both the terminal and from files that have
been stored on disk. This input specifies how the code defines the initial state, the number of iterations, and what
output is produced for later analysis, plotting or continuing the calculation. The input file is always required – except
for a restart, see below.

The code allows the possibility of calculations in either two dimensions or three dimensions. In the former case the
calculations take place in the x− z plane and the extent of the fluid in the y-direction is one cell.

This code provides for the possibility of restarting or continuing from a previous calculation. To permit this all
essential variables must be stored at the end of a previous calculation. PICR always writes these variables to disk and
stores them in the file Restart. In the case of a restart nothing else is needed except input from the terminal because
all the information that might have been required is already stored in the file Restart - which must be renamed as
Restart old before restarting the calculation. In particular this means that neither the file Initial State nor are any
other files such as output 0 is needed.

The code assumes that certain folders are present; several output files will be created and stored within these
folders. Thus, before running the code the 1st time, in the same folder (directory) where the input files reside, folders
(directories) should also be created in the same directory as where the input and output files are found: /contours/,
/markers/,/markers/ncycrp/, /outputt/, /output3/, and /plots/. For more detail see §IV E and §IV L 1.

C. Input from the Terminal

One quantity is always required to be entered from the terminal. At the beginning of each calculation the code
asks:

type 1 for restart, otherwise 0.

If one wishes to continue a previous calculation, simply type 1; any other integer input will start a new calculation.

If one does want to continue a calculation one needs to rename the file Restart that was produced by the previous
calculation that you wish to continue to Restart old. Upon restarting the hydro code will read the file Restart old and
overwrite the file Restart so as to allow a second further restart if desired. The file Initial State which is usually used
to control a calculation is not used. All the information is carried over from the previous calculation that is being
continued.

In this case the code needs to know how many additional iterations one desires and one must respond to the enquiry:

Restart successfully read; old ICYSUM was xxxx
New ICYSUM?

The response must be an integer greater than xxxx, the previous number of iterations.

input files

unit name subroutine when
2 Initial State main, picrel kslab > 0, krestrt 6= 1
3 restart old main, picrel krestrt = 1
5 input file infile main, picrel whenever krestrt 6= 1
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D. Spatial Resolution and PICR

The spatial resolution in various microscopic models can vary and there have been discussions on how small a
volume can be and still be physically realistic. In general the smaller the cell size and the greater resolution, one
presumes the greater the veracity or authenticity of a fluid dynamics calculation. In a PICR calculation one can
distinguish between the spatial resolution of energy and momentum which is determined by the size of the cells (i.e.,
the grid), versus the density resolution which is determined by the spatial variation of the marker particles. One only
has control over these quantities at the initiation of a calculation.

DRAFT - December 12, 2013

unit name subroutine when

2 Initial State main, picrel kslab > 0, krestrt 6= 1
3 restart old main, picrel krestrt = 1
5 input file infile main, picrel whenever krestrt 6= 1

4.4 Spatial Resolution and PICR

The spatial resolution in various microscopic models can vary and there have been discusions
on how small a volume can be and still be physically realistic. In general the smaller the
cell size and the greater resolution, one presumes the greater the veracity or authenticity
of a fluid dynamics calculation. In a PIC calculation one can distinguish between the
spatial resolution of energy and momentum which is determined by the size of the cells
(i.e., the grid), versus the density resolution which is determined by the spatial variation
of the marker particles. One only has control over these quantities at the initiation of a
calculation.
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Fig. 4.4. Figure illustrating the collecting of information from the mini-cells into larger
fluid cells. In the left figure with nredux = 5 the fluid cell would contain 25 mini-cells in
two dimensions or 53 = 125 mini-cells in three dimensions. The right figure illustrates the

nodal points for the mini-cells in the case of nredux=4.

The initial state output 0 from the Csernai-Magas[24] model assumed small cells of dimen-
sion 0.115fm. These small cells – which we refer to as mini-cells – were then congregated
into larger fluid cells. It was decided to employ fluid cells of dimension 0.575fm, i.e., each
dimension of the fluid cell was five times that of a mini-cell. The ratio between the dimen-
sions of the fluid cell to tht of the mini-cell we call nredux; thus, in the above discussion
nredux equals five.

Energy, momentum, velocity, and density are properties of a cell. When collecting the
smaller mini-cells into the larger fluid cells, the energies and momenta are simply summed.
The particle densities are also summed, but in this case one has two options.

In both options one sums the particle numbers for the entire fluid cell just as for the energy
and momentum. In the first option this particle number is assumed to be averaged across
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sions of the fluid cell to tht of the mini-cell we call nredux; thus, in the above discussion
nredux equals five.

Energy, momentum, velocity, and density are properties of a cell. When collecting the
smaller mini-cells into the larger fluid cells, the energies and momenta are simply summed.
The particle densities are also summed, but in this case one has two options.

In both options one sums the particle numbers for the entire fluid cell just as for the energy
and momentum. In the first option this particle number is assumed to be averaged across
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FIG. 2. The figure illustrates the coalescing of information from the mini-cells into larger fluid cells, with nredux = 5, the fluid
cell would contain 25 mini-cells in two dimensions or 53 = 125 mini-cells in three dimensions.

The initial state output 0 from the Magas et al.[23] model assumed small cells of dimension 0.115fm. These small
cells – which we refer to as mini-cells – were then congregated into larger fluid cells. It was decided to employ fluid
cells of dimension 0.575fm, i.e., each dimension of the fluid cell was five times that of a mini-cell. The ratio between
the dimensions of the fluid cell to that of the mini-cell we call nredux; thus, in the above discussion nredux equals
five.
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Fig. 4.4 An example that illustrates how the density may vary within a fluid cell as
determined by the densities of the mini-cells.

One can see this effect in Fig 4.4.

Fig. 4.4. Marker particles placed according to the densities of the mini-cells. The initial
state is defined using the Magas-Csernai model[24], b=0.1. The fluid cells each contain

103 = 1, 000 mini-cells.
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FIG. 3. An example that illustrates how the density may vary within a fluid cell as determined by the densities of the mini-cells.

Energy, momentum, velocity, and density are properties of a cell. When collecting the smaller mini-cells into the
larger fluid cells, the energies and momenta are simply summed. The particle densities are also summed, but in this
case one has two options.

In both options one sums the particle numbers for the entire fluid cell just as for the energy and momentum. In
the first option this particle number is assumed to be averaged across the entire fluid cell and any information about
density differences amongst the mini-cells is lost. The marker particles are randomly and uniformly placed throughout
the fluid cell. This is the method used in calculations using the Magas et al. model thus far.

In the second option one retains the information contained within the mini-cells by distributing the marker particles
according to the density of the mini-cell. The densities in neighbouring mini-cells, but within the same fluid cell, can
be much different. The effect is to have less spatial variation in the density distribution. The total number of marker
particles within a fluid cell will be the same in both instances (up to round-off errors in converting floating point
numbers to integers), but the density gradients will be different. To illustrate this effect, one can create an artificial
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FIG. 4. Marker particles placed according to the densities of the mini-cells. The initial state is defined using the Magas et al.
model[23], b=0.1. The fluid cells each contain 103 = 1, 000 mini-cells.
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example in which all the points in a row and column of mini-cells are moved to nearby mini-cells. The effect is seen
in Fig. 3. One can see this effect in Fig. 4 in realistic cases also.

E. Input File infile

If this is a new calculation rather than a restart, the code will now ask for the name of the input file infile1. Each
file infile in turn specifies two associated files, specifically a file that defines an initial state, Initial State, and an
output file, Output F ile. In each case the file name is limited to 100 characters. The file infile controls much of the
calculation including input and output options. It must be present in all cases except for restarts. The form of the
file depends on the nature of the calculation. However, in most cases the first four lines of the input file infile are
the same:

Line 1: ioptos1, ioptos2, ioptos3, ioptos4, ioptos5, kslab free format2

Line 2: id (20a4)
Line 3: Output F ile (a)
Line 4: Initial State (a)

An example of the first four lines of the input file inhydro is:

1 1 0 0 0 2
Commentary to document this calculation; this line can have up to 80 characters
outhyd7comp
input 0 b7

In this example Initial State is input b 7 and Output F ile is outhyd7comp.

The significance of these input variables is as follows:
The ioptos quantities set the printing flags, a 0 → no output, a a 1 → causes output to be generated, and a 2 →
causes (in some cases) even more output. All the files that are produced for each of the options are listed in §IV L.3

N.B.The code assumes the presence of certain folders in which to store the files that are created to store the infor-
mation generated according to the variables ioptos. These folders are /contours/, /markers/, /outputt/, /output3/,
and /plots/. If the folders are not present, the code will probably abort although this depends on the operating
system.

1 Previously, the code assumed this input file was always named inhyro. This created possible confusion (and inadvertent overwriting
of output files from previous calculations) in cases wherein subsequent calculations were performed with different EOSs or other input
options such as different impact parameters. Now, each different calculation can be specified with its own input and output files. This
advantage is gained by having to explicitly type in the name of the input file every time the code is run.

3 Here and in the remainder of this manual, archived means that the capability or option was once available, but the relevant subroutines
were removed to shorten the length of the code. The capability (in principle) could be restored by including the routines once more,
but, caveat emptor, the results will need to be checked for accuracy or consistency – often common blocks and array dimensions have
been changed in the interim.
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ioptos1 The positions of the marker particles are written to files in the folder
hydro/markers. Certain files are always produced independent of the
value of ioptos1. See §IV M 1 on p.26

ioptos2 Produces files stored in the folder hydro/outputt and in hydro/plots
Note that certain files are always produced independent of the value of
ioptos2. These are discussed below in §IV L on p.26.

ioptos3 plotting files stored in hydro/output3; see §IV M 3 on p. 27

ioptos4 production of fort.10

ioptos5 used only in debugging the code - always use 0

kslab The variable kslab determines the initial state and has the following
significance:

0 ellipsoids - ‘classical’ - the original code - archived
1 rectangular slabs
2 uniform streaks from Vladimir - output 0
3 uniform streaks, same E, N - output 0
4 Landau model - archived
5 Elliptical model
6 torus - additional input required via Initial State to determine form
7 ‘arbitrary’ initial state - file must be read in via inarbt

The input array id is an 80 character line of alphanumeric data that can be used to identify the calculation. It is
read and written to the output files and with no other actions taken.

The output file is now specified in the third line (the file name is limited to 100 characters); previously, it was
always ohyd.6. This was a possible source of overwriting files unintentionally. Now one prepares different input files,
each with a different name infile name, initial state file, and an output file; one can more easily group all files related
to a calculation.

The fourth line specifies the name of the file Initial State which specifies the initial state. The name of the file is
limited to 100 characters. In earlier versions of the code this file was always assumed to be output 0, but this invariably
required renaming files used in previous calculations if a different initial state was desired, as e.g., a different input
parameter was desired –

F. Classical Case - kslab = 0

This is the input for the original use of the code, namely, the collision of elliptical nuclei. This option is largely
archaic. In particular it requires the subroutine setup which has not been tested with the new dimensions and
common statements. It is not recommended to use this option and nor has it been used for two decades; indeed, there
is probably little reason to do so.

Contents of infile:

Line 1: ioptos1, ioptos2, ioptos3, ioptos4, ioptos5, kslab
Line 2: id
Line 3: Output F ile (a)
Line 4: Initial State (a)
Line 5: ap, at, gevp, gevt, tnc, xdisp, keqost, icysum, comprs, eta, bcoef
Line 6: jdim1,interp,interv
Line 7: npart,npartz,nparp,nparpz, krandm,dtmod,ncycpt,ncycrp,ncycaf

Note that Line 4 is still present even though it is not needed - in this case it is just a dummy entry and is included
for consistency.

The significance of the variables in lines five through seven are:
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ap, at, gevp, gevt, tnc, xdisp, keqost, icysum, comprs, eta, bcoef free format
ap projectile mass; if zero, then p̄− annihilation
at target mass

gevp projectile kinetic energy per nucleon in GeV
gevt target kinetic energy per nucleon in GeV
tnc number of cells spanning the transverse radius of the target

xdisp transverse displacement of impact parameter : 0 ≤ xdisp ≤ 1 where 1 is a
grazing collision

keqost equation of state
1 → Seyler-Blanchard
2 → Sierk-Nix
3 → Seyler-Blanchard
4 → Sierk-Nix with density isomer
5 → Siemens-Kapusta

If keqost < 0 then the equation of state is read in from tables prepared by QGPH3
icysum number of time steps
comprs nuclear compressibility

eta freeze-out density
bcoef b coefficient determining the thermal energy; e.g., b = 2

3 for non-relativistic systems

jdim1, q0, interp, kslab free format
jdim1 if 1, two dimensional calculation; otherwise three dimensional
interp method for interpolation in phase two of solution; recommend using only

interp = 1
interv method for interpolation in wtnwt of solution; recommend using only interv = 1

npart, npartz, nparp, nparpz, krandm, dtmod, ncycpt, ncycrp, ncycaf free format
npart number of particles per cell in transverse direction of the target
npartz number of particles per cell in z direction of the target
nparp number of particles per cell in transverse direction of the projectile
nparpz number of particles per cell in z direction of the projectile
krandm if zero, particles are assigned positions on a lattice; if 6= 0, the positions are

randomised in a sphere centered about the lattice point
dtmod factor to decrease (or increase) time step of iteration; see the discussion in §V A.
ncycpt particle positions are written every ncycpt cycles
ncycrp JUTTNER called every ncycrp cycles - if ncyc > ncycaf
ncycaf number of cycles before JUTTNER is called
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G. Using the Output from Magas’ code, kslab = 2

This section is devoted to a description of the use of RPIC when the initial state is defined by the Magas’ code.
This model is described in the references[23–25].

1. Use of infile File with output 0

This is the appropriate input when output 0 - the file produced by Magas’s code[23–25] - is used. Note that some
small changes have been introduced: the name of the file output 0 must now be explicitly given in the third line of
infile and the name of the output file, formerly ohyd.6 is now arbitrary and must be supplied in infile..

Contents of infile file:
Line 1: ioptos1, ioptos2, ioptos3, ioptos4, ioptos5, kslab
Line 2: id
Line 3: Output F ile (a)
Line 4: Initial State (a)
Line 5: keqost, icysum
Line 6: jdim1
Line 7: nparp, nparpz, dtmod, ncycpt, ncycrp, ncycaf

The significance of the variables in lines five through seven is:

5 keqost, icysum free format
keqost equation of state (=-2)
icysum number of iterations

6 jdim1,interp,interv free format
jdim1 if 1, two dimensional calculation; otherwise three dimensional

7 nparp, nparpz, dtmod, ncycpt, ncycrp, ncycaf free format
nparp number of particles per cell in transverse direction of the plasma for

normal nuclear density n0

nparpz number of particles per cell in z direction of the plasma if density n0

dtmod factor to decrease the time step of iteration; see the discussion in §V A
ncycpt particle positions are written in phase2 every ncycpt cycles; if zero, reset to 10
ncycrp dynamic information in phase3 written to unit 10 every ncycrp cycles; if zero,

reset to 10
ncycaf if ioptos4 6= 0 information is written to /hydro/outputt/fort.10

every ncycaf cycles; see §IV L 1

Note that the input on line seven has changed from previous versions.4 Now one only needs to specify the number
of marker particles in the longitudinal and transverse directions. Note also that these specifications are for matter at
a normal nuclear density of n0. If the matter is more or less dense, then more or fewer markers are assigned to the
cell.

Also, the option krandm has been removed. All calculations will have randomised particles. If one wants the points
to be at lattice points, one needs to make a couple of changes in the code.

A comment is required on the inclusion of keqost in the input. Presently, all calculations will use the same QGP
EOS (keqost = 2); the continued requirement to specify keqost is therefore questionable. However, it is retained so
that in the future one could more easily include other EOSs.

4 Originally, one had to specify also the number of marker particles for the ‘target’ as well as the ‘projectile’. However, since the content
of the plasma is presumably a combination of the two, it makes little sense for this distinction.
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2. Content of Initial State File output 0 Produced by Magas’ Code

line1: Tfin, ident (20a4)
line2: epsilon00, b0, kap, kat, ktnc
line3: rap00, rho00, e00 free format
line4: dxv, dyv, dzv free format
line5: ismin1, ismax, nxv ,nyv free format
line6: column headings free format

subsequent lines i x, l y, indic, z min, z max, n, e, th(y) = v z,R plus,R minus, T max

The variables have the following significance:

Tfin, ident 7x,E9.3,5x,10a4
Tfin The time of the Yang-Mills 1D expansion before the hydrodynamic

expansion
ident 40 characters to define the initial state

epsilon00, b0, kap, kat, ktnc 18x,E8.2,5x,e8.2,11x,i3,6x,i3,6x,i2
epsilon energy density (not used in hydro code)

b0 impact parameter 0 ≤ b0 ≤ 1
kap number of nucleons in the target
kat number of nucleons in the projectile

ktnc number of fluid cells across a radius

rap00, rho00, e00 5x,e11.5,8x,e11.5,6x,e11.5
rap00 rapidity
rho00 normal nuclear density
e00 energy

dxv, dyv, dzv 5x,e8.3,6x,e8.3,6x,e8.3
dxv x dimension of a mini-cell [fm]
dyv y dimension of a mini-cell [fm]
dzv z dimension of a mini-cell [fm]

ismin1,ismax,nxv,nyv 21x,i4,2x,i4,5x,i4,5x,i4
ismin1 number of cells of the computational grid in the x direction
ismax number of cells of the computational grid in the y direction
nxv number of cells of the computational grid in the y direction
nyv number of cells of the computational grid in the z direction

column headings 20a4
i ,j, indicator, zmin, zmax, dens, energ, velz, Rpl, Rmi, MAXTstr
Following lines are read with the format 2x,3(i4,2x),2(D10.4,2x),6(D12.6,2x)

i index of mini-cell in the x direction
j index of mini-cell in the y direction

indicator(i,j)
zmin(i,j) minimum of this tube in z-direction
zmax(i,j) maximum of this tube in z-direction

dens density [1/fm3]
energ(i,j) energy density [GeV/fm3]
velz(i,j) velocity vz
Rpl(i,j) Rplus
Rmi(i,j) Rminus

MAXTstr(i,j) Tmax[fm]

Note that there is redundancy here. numz should be equal to (zmx− zmn)/dzvfm and numz = kr − kl + 1.
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Definition of quantities

These are not in the output of the Magas et al. Initial State code, but describes how these are used in the hydro
code.
nh the amount of hadronic matter each marker particle will carry;

this should be sufficiently small that each of Vladimir’s mini-cells can be represented
by one or more marker particles. This condition will be discussed below.

Nv
x is the number of cells used in the transverse direction in Vladimir’s code and

output to a file; I shall label them by α, β
Nv
z is the number of cells used in the beam direction in Vladimir’s code and

output to a file; I shall labeled them by γ - not to be confused with γ = 1/
√

1− β2

Nα,β,γ the hadronic density in cell α, β, γ as output from Vladimir’s code
Nv
x> the number of the rightmost occupied cell

Nv
x< the number of the leftmost occupied cell

∆x = Nv
x> −Nv

x< + 1 is the number of occupied cells in the transverse direction
midline midline between Nv

x> and Nv
x<;

equal to the line between cell Nv
x<+ ∆/2− 1 and Nv

x< + ∆/2− 1

Qx the number of Vladimir’s cells in the longitudinal direction that will span a hydro cell;
typically 5

Qz the number of Vladimir’s cells in the transverse direction that will span a hydro cell;
typically 5

Rx number of hydro cells that span the transverse radius of a nucleus at freeze-out
= [ ∆x

2Rx
] + 1 where [...] means the integer part

Rz number of hydro cells that span the longitudinal radius of a nucleus at freeze-out
= [ ∆z

2Rz
] + 1

Eijk energy of the cell i, j, k in the calculation frame
Mijk three-momentum of the cell i, j, k in the calculation frame

labeled xmomijk, ymomijk, zmomijk in the code
uijk three-momentum of the cell i, j, k in the calculation frame

labeled uijk, vijk, wijk in the code
Pijk pressure of the cell i, j, k in the calculation frame
nijk hadronic density of the cell i, j, k in the rest-frame

In three dimensions the number of marker particles in a full cell should be

n =
∑

αεi,βεj,γεk

[
Nα,β,γ
nq

+
1

2
] (18)

The issue is how to distribute them. Ideally, there are more markers in the areas of higher density (as specified by
the Nα,β,γ) and the density changes smoothly from the highest to the lowest. This can be done if nq is sufficiently
small that each of Vladimir’s cells as one or more marker particles associated with it. If this is not the case, one must
redefine nq to be equal to or less than Nv

min, the minimum density in any of Vladimir’s cells.



17

H. Landau Initial State, kslab = 4

Archived

I. Elliptical Initial State, kslab = 5

Note that for this case the input state is parameterised with the parameters supplied by the user as described below.
No InitialF ile is needed.

1. Use of infile with a Spheroidal Initial State

This is the input when one wishes an initial state in the shape of an ellipsoid. The shape and energy-momentum
and number densities of the ellipsoid are given in a parametric form. As discussed above the input variable kslab
must be set to 5 in the first line of Initial State.

With certain parameters the initial state assumes a Landau-like configuration.

Not all of these possibilities are as of mid-August 2015 tested and verified. If you wish to use any of them, please
contact me.

Contents of infile:
Line 1: ioptos1, ioptos2, ioptos3, ioptos4, ioptos5, kslab
Line 2: id
Line 3: Output F ile (a)
Line 4: Initial State (a)
Line 5: keqost, icysum
Line 6: jdim1
Line 7: radx, rady, radz, sigx, sigy, sigz
Line 8: porton, dtmod, ncycpt, ncycrp, ncycaf
Line 9: ienf, ioptf, densmx, densmn, densex, densen, ialpha, ibeta, rvelx, rvely, rvelz

The equation for a spheroid is

x2

R2
x

+
y2

R2
y

+
z2

R2
z

= 1 (19)

and the volume is 4
3πRxRyRz.

The significance of the variables in lines five through nine are:
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5 keqost, icysum free format
keqost equation of state (= −2)
icysum number of iterations

6 jdim1 free format

jdim1 not used, but retained for consistency with other kslab options

7 radx, rady, radz, sigx, sigy, sigz free format
radx Rx, number of cells for the radius of the semi-major x axis
rady Ry, number of cells for the radius of the semi-major y axis
radz Rz, number of cells for the radius of the semi-major z axis
sigx σx, the value of σx in eq. 29 [number of cells] in §VC1
sigy σy, the value of σy in eq. 29 [number of cells] in §VC1
sigz σz, the value of σz in eq. 29 [number of cells] in §VC1

8 porton, dtmod, ncycpt, ncycrp, ncycaf free format
porton 0 < % < 1; the percentage of possible marker particles (limit is 5,691,670)

to be used. This will determine the density of marker particles.
dtmod factor to decrease the time step of iteration; see the discussion in §VA
ncycpt particle positions are written in phase2 every ncycpt cycles; if zero, reset to 10 check!
ncycrp dynamic information in phase3 written to unit 10 every ncycrp cycles; if zero,

reset to 10
ncycaf if ioptos1 6= 0 certain particle positions written in routine phase2 to units 82-88

every ncycaf cycles; see §IVL 1

9 ioptf, ecoef, encoef, rvelx, rvely, rvelz free format
ioptf determines parametric form for the energy and number density within the spheroid

ecoef maximum rest-frame density in units of n0 = 0.145 nucleons/fm3

encoef minimum rest-frame density in units of n0 = 0.145 nucleons/fm3

rvelx ωx - rigid body motion is assumed for the initial velocity distribution about the x-axis
ωx ≤ 1 see below

rvely ωy - rigid body motion is assumed for the initial velocity distribution about the y-axis
rvelz ωz - rigid body motion is assumed for the initial velocity distribution about the z-axis

As noted above the parameters densmx and densex are the maximum values of the respective variables. If ioptf =
1 the initial matter and energy are chosen using a distribution α − β2r2; for β = 0 the density is constant. If one
chooses the ioptf = 2 option, a Gaussian distribution for the matter and energy density is used. Both choices are
discussed in Appendix V C 2. Clearly, setting densmx = densmn results in a constant density.

If a Gaussian distribution is chosen, recall that

∫ ∞

−∞
e−x

2

dx =
√
π

∫ ∞

−∞
e−

x2

σ2 dx = σ
√
π

∫ R

0

e−x
2

dx =

√
π

2
erf(R) (20)

∫ R

R

e−
x2

σ2 dx =
√
π σ erf(

R

σ
) (21)

∫ R

0

x2e−x
2

dx =
1

4

(√
π erf(R)− 2e−R

2

R
)

(22)

∫ R

0

e−
r2

σ2 d3r =

∫ R

0

e−
r2

σ2 r2dr d(cos(θ)) dφ = π3/2σ3 erf

(
R

σ

)
− 2πσ2R e−

R2

σ2 (23)
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If the initial distribution is a sphere, i.e., Rx = Ry = Rz and σx = σy = σz, one can test the accuracy of the
numerical integration. One has the option to use either 20 or 48 point Gaussian integration. To change the number
of Gauss points one needs to explicitly make the change in the subroutine sphere. The 20 point integration is usually
accurate to 0.2% and the 48 point to 0.01% and usually much better. (The smaller the ratio R/σ, the less accurate
the integration.) The difference is execution time is milli-seconds so the default is set to 48 point integration.

The initial velocity distribution is determined as follows. The spheroid is assumed to rotate about the y-axis. Then

ρr(x, z) =
x2 + z2

R2
x +R2

z

vx = ωr ρr(x, z) cos(θxz)

vy = 0

vz = ωrρr(x, z) sin(θxz)

cos(θxz) =
x

Rx

sin(θxz) =
z

Rx
(24)

(25)

Does this need to be modified if Rx 6= Rz?

The scale length can be determined by either specifying the mass number A and the number of cells across the
initial state (as is done in much of the original code) or by specifying A and the maximum density or a number of
other possibilities. Here, it appears more natural to specify the amount of baryonic matter - A - and the maximum
density in nucleons/fm3. Specifying also the number of cells across the sphere.

The same comment apropos keqost could be included here as in the previous §IV G 2, p. 25.

J. Toroidal Initial State, kslab = 6

Note that for this case the input state is parameterised with the parameters supplied by the user as described below.
No InitialF ile is needed.

1. Use of infile with a Toroidal Initial State

This is the input when one wishes an initial state in the shape of a torus. The shape and energy-momentum and
number densities of the torus are given in a parametric form. As discussed above the input variable kslab must be set
to 6 in the first line of Initial State.

With certain parameters the initial state assumes a Landau-like configuration.
Not all of these possibilities are as of mid-November 2013 tested and verified. If you wish to use any of them, please

contact me.
Contents of infile:

Line 1: ioptos1, ioptos2, ioptos3, ioptos4, ioptos5,kslab
Line 2: id
Line 3: Output F ile (a)
Line 4: Initial State (a)
Line 5: keqost, icysum
Line 6: jdim1
Line 7: porton, dtmod, ncycpt, ncycrp, ncycaf
Line 8: radmaj, radmin, radinn, radimn, nht, tangle, nform, rvel
Line 9: densmx, densmn, densex, densen
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The significance of the variables in lines five through nine are:

5 keqost, icysum free format
keqost equation of state (= −2)
icysum number of iterations

6 jdim1 free format

jdim1 if 1, a two dimensional calculation; otherwise three dimensional

7 porton, dtmod, ncycpt, ncycrp, ncycaf free format
porton 0 < % < 1; the percentage of possible marker particles (limit is 5,691,670)

to be used. This will determine the density of marker particles.
dtmod factor to decrease the time step of iteration; see the discussion in §VA
ncycpt particle positions are written in phase2 every ncycpt cycles; if zero, reset to 10 check!
ncycrp dynamic information in phase3 written to unit 10 every ncycrp cycles; if zero,

reset to 10
ncycaf if ioptos1 6= 0 certain particle positions written in routine phase2 to units 82-88

every ncycaf cycles; see §IVL 1

8 radmaj, radmin, radinn, radimn, nht, theta, nform, nredux,rvel free format
radmaj Rmaj, number of cells for the length of the major axis [integer number or [fm] ???]
radmin Rmin, number of cells for the length of the minor axis [ ” ]
radinn R<, number of cells for the length of the inner core’s major axis [ ” ]
radimn R<,min, number of cells for the length of the inner core’s minor axis [ ” ]
nht number of cells in the y-direction; nht = 1 makes the calculation

two-dimensional
theta angle between the major axis and the x-axis (degrees); a positive

implies clockwise rotation.
nform parametric form for the density and energy rest-frame density

=0, densities have the form α− βr, r the minimal distance from the
center of the torus

=1, densities have the form α− β2r2

=2, densities have the form α exp(β2r2) – details below
rvel radial velocity in units of c

9 densmx, densmn, densex, densen free format

densmx maximum rest-frame density in units of n0 = 0.145 nucleons/fm3

densmn minimum rest-frame density in units of n0 = 0.145 nucleons/fm3

densex maximum energy density in the rest-frame in units of Gev/fm3

densen minimum energy density in the rest-frame in units of Gev/fm3

As noted above the parameters densmx and densex are the maximum values of the respective variables. If nform
= 1 the initial matter and energy are chosen using a distribution α − β2r2. If one chooses the nform = 2 option,
i.e., a Gaussian distribution for the matter and energy density is used. Both choices are discussed in Appendix V C 2.
Clearly, setting densmx = densmn results in a constant density.

The same comment apropos keqost could be included here as in the previous section IV G 2; see §IV G 2 on p. 15.
a. Example The number of marker particles (or alternatively, the amount of nucleon each marker carries) is

determined as follows. The simplest example is for a circular shape with constant density, ρ0. The equation for an
ellipse is

z2

R2
maj

+
x2

R2
min

= 1
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with Rmaj and Rmaj the major and minor axes; the area of such a torus is πRmajRmin. If Ry is the number of cells
in the y-direction, the volume of the torus is

V = πRmajRminRy.

We assume Rmaj , Rmin, and Ry are the number of cells in their respective directions. Then V is the number of fluid
cells and AT = ρV is the number of nucleons. If NM is the number of marker particles, each will carry

AT
NM

=
ρπRmajRminRy

NM

of a nucleon. If porton is set to 0.5, the number of marker particles will be 0.5× 5, 691, 670 = 2, 845, 835.
If we each cell is 0.5 fm and we take Rmaj = Rmaj = 4 fm, Ry = 1 fm, ρ = 0.29 nucleons/fm

3
, the number of

nucleons is 116.6 and each marker particle will carry 0.0000409777 of a nucleon. Each fluid cell will contain 24,403
marker particles and each mini-cell will contain 195 marker particles.

Here it seems that the radius variables are in [fm] and not numbers!
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K. Arbitrary Initial State, kslab = 7

1. Use of infile with an Arbitrary Initial State

This section is a proposal meant for discussion as work-in-progress. The current code is written as described, but we
need to discuss whether the proposal below is sufficiently general or if other options/possibilities are desired. However,
this section describes the code has it is now written. Obviously, it can be modified if alternate methods are
needed to describe the initial state.

This is the input file when an ‘arbitrary’ initial state is used, i.e., an initial state other than the parametric forms
already discussed or the initial states prepared by Magas’ code. As discussed above the input variable kslab must be
set to 7 in the first line of Initial State. Also, see the comment in section IV G 2 above regarding the continued use
of the input variable keqost; see §IV G 2, p. 15.

Contents of infile:
Line 1: ioptos1, ioptos2, ioptos3, ioptos4, ioptos5, kslab
Line 2: id
Line 3: Output F ilename (a)
Line 4: Initial Statename (a)
Line 5: keqost, icysum
Line 6: jdim1
Line 7: porton, dtmod, ncycpt, ncycrp, ncycaf
Line 8: kextra

The significance of the variables ioptos is as described above on p. 12 and in §IV E. The significance of the variables
in lines four through seven are:

4 keqost, icysum free format
keqost equation of state - currently always set to -2; see comments in §IV G 2 on p. 15.
icysum number of iterations

5 jdim1 free format
jdim1 if 1, a two-dimensional calculation; otherwise three-dimensional

6 porton, dtmod, ncycpt, ncycrp, ncycaf free format
porton 0 < % < 1; the percentage of possible marker particles (limit is 5,691,670)

to be used. This will determine the density of marker particles.
dtmod factor to decrease the time step of iteration; see the discussion in §V A
ncycpt particle positions are written in phase2 every ncycpt cycles; if zero, reset to 10 check!
ncycrp dynamic information in phase3 written to unit 10 every ncycrp cycles; if zero,

reset to 10
ncycaf if ioptos1 6= 0 certain particle positions written in routine phase2 to units 82-88

every ncycaf cycles; see §IV L 1, p. 25

7 kextra free format
kextra The number of additional cells desired in the beam direction.

An Example is:

1 0 0 0 0 7
Commentary for b=0.7 using arbitrary initial state
out7
fort-b7.20
-2 2
3
.5 .75 40 4 10
20

The input variable porton replaces the variables npart, npartz, nparp, nparpz, krandm as a means to specify the
density of marker particles. This new method is more natural when the initial state is not of uniform density. The
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input parameter krandm is no longer needed: all initial states will have a random configuration of marker particles.
The choice of porton depends on the purpose of a calculation; a choice of ≥ 0.3 is recommended. The calculation
time is roughly linear with the number of marker particles.

The code will calculate the size of the computational grid based on the maximum storage allowed and the parameter
kextra. If extra were zero, the grid size in the x− and z−directions would be equal and twice that in the y−direction.
However, if there is a significant initial momentum in the beam direction, the fluid expansion might be much faster
in the beam direction and the fluid would reach the limits of the grid much sooner in the beam direction. Thus, one
might desire additional cells in the z−direction; the amount is specified by the parameter kextra.

2. Content of File Initial State for an Arbitrary Initial State

By ‘arbitrary’ one implies that the form of the initial state is neither of parametric form nor in the format of the
output 0 file produced by the Magas’ code. There are constraints, e.g., the initial state must be in a tabular form.
There are presumably a nearly infinite methods of specifying the form of the initial state. Here we permit (at the
moment) only one method, although this can be generalised if desired.

The current is similar to that used in the original Magas-Csernai model[25] in which the results of a microscopic
calculation result in data that might be too spatially fine or possess larger fluctuations than desired. I.e., The initial
state consists of many mini-cells which are then to be coalesced into larger fluid cells. One must specify the ratio of
the larger fluid cells to that of the mini-cells. This is done through the use of the parameter nredux: the size of the
fluid cells is nredux times greater than that of the mini-cells. In particular as a special case one can assume that this
coalescence has either already occurred or was unnecessary. In other words nredux is one.

The forms of the initial state Initial State are discussed now.

line1: id1 20a4
line2: id2 20a4
line3: nredux, dxv, method free format

The variables have the following significance:

id1 80 characters to document the initial state (20a4)
id2 A second 80 characters to document the initial state (20a4)

nredux, dxv, method free format
nredux In method 1:reduction factor for hydro cells; the number of mini-cells in each

direction that fit into the larger fluid cell; if zero, it is set to five
In method 2, it is ignored but must be present - see below; it is assumed in the

code to be set to one.
dxv The size in fm. of the mini-cells (method 1) or the fluid cells if nredux = 1.

The cells are cubic.
method Determines the format of the initial state; currently limited to values of ±1,

although future methods to specify an initial state could have other values.

Table IV K 2

The form of the remainder of the initial state file differs depending on the value of the input parameter method.

a. Method=1 As before it is assumed that the beam direction is along the z axis. The initial state is then
specified by giving the physical properties of each mini-cell for a specified x, y rectangular tube. If method = 1 only
the values for N,E,Mz, and vz need be given as would be the case were there no initial transverse velocities. However,
if the initial state does contain any initial transverse velocities, one must use method = −1 in which case one must

specify all three components of the vectors ~M and ~v.
The following lines are repeated until all data has been read:

i, j, zmn, zmx, numz free format
(dens(k),k=1,numz) free format
(edens(k),k=1,numz) free format
(zmdens(k),k=1,numz) free format
(wdens(k),k=1,numz) free format

Table IV K 2 a
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b. Method=-1

i, j, zmn, zmx, numz free format
(dens(k),k=1,numz) free format
(edens(k),k=1,numz) free format
(xmdens(k),k=1,numz) free format
(ymdens(k),k=1,numz) free format
(zmdens(k),k=1,numz) free format
(udens(k),k=1,numz) free format
(vdens(k),k=1,numz) free format
(wdens(k),k=1,numz) free format

The variables have the following significance:

i, j, zmn, zmx, numz
i x index of a mini-cell; imin ≤ i ≤ imax; imin can be 1
j y index of a mini-cell; normally, j = 1, 2, 3, ...
zmn minimum of this row of mini-cells in z direction [fm]
zmx maximum of this row of mini-cells in z direction [fm]
numz number of mini-cells in z direction for this i, j streak
(dens(k),k=1,numz) number density of the mini-cells in the i, j streak [fm−3]
(edens(k),k=1,numz) energy density of the mini-cells in this streak [GeV fm−3]

(xmdens(k),k=1,numz) x momentum density of mini-cells in this streak [GeV fm−3]
(ymdens(k),k=1,numz) y momentum density of mini-cells in this streak [GeV fm−3]
(zmdens(k),k=1,numz) z momentum density of mini-cells in this streak [GeV fm−3]
(udens(k),k=1,numz) x velocity of mini-cells in this streak
(vdens(k),k=1,numz) y velocity of mini-cells in this streak
(wdens(k),k=1,numz) z velocity of mini-cells in this streak

Table IV K 2 b

Again to emphasize: the quantities xmdens, ymdens, udens, and vdens only need be present in the input file when
method = −1.

Note that there is redundancy here. The quantity numz should be equal to (zmx− zmn)/dzvfm+ 1. The impact
parameter b0 is not explicitly used in the code; ktnc can be calculated once dxdydz is fixed. Also, note that b0, the
impact parameter, is not needed in the calculation and so could be part of the identification id as could A and tnc,
the number of cells across the diameter of the plasma.

Also note that only dxv is needed because it is implicitly assumed that dxv = dyv = dzv. This is due to the fact
that in early calculations in the 1970s and 80s, when in the z direction a larger cell-size was used this led to distortion
effects, asymmetries and anisotropic entropy production by numerical viscosity. These symptoms were observed both
by the Los Alamos and the Frankfurt fluid dynamical calculations; in the latter case, it also led to superluminal
velocities5. As a consequence the use of different cell-sized in different directions were abandoned.6

L. Output Files

The simulation of the time-development of a plasma can produce a prodigious amount of information - giga-bytes
per run, if desired. To control the amount and type of information one can make use of the four input parameters
ioptos. These parameters control which files are produced. In addition the parameters ncycpt and ncycrp determine
how often the data is written to these files. Certain of the files are always used – these are described in the sections
IV E, IV K 1 , IV K 2 above – while others are only produced when requested. To prevent one’s disk being overwhelmed
with all the many possible files, most of the produced files are placed in folders labelled outputt, markers, output3,
and contours.

5 This cannot happen in the PICR since the velocity of the fluid is dictated by that of the marker particles and their velocity cannot
exceed c.

6 The same is the problem with the x, y, η, τ coordinate system where the longitudinal cell size is increasing with time and leads to
increasing anisotropy. In these calculations the precise control of numerical and physical viscosity and dissipation is rather complex and
difficult to keep it under control. The groups using this coordinate frame usually disregard this problem.
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1. Files and Associated Fortran Units

The following tables contain the unit used for IO, which routines use them, and the information and data contained
therein. The actual unit number should be irrelevant to the normal user and is included for completeness - as well as
helping the authors when modifying the code.

Those files that are always needed or are always produced, independent of the values of the ioptos parameters, are
listed in the next table.

unit file name purpose
1 Restart produces the information needed to restart the code

from a previous calculation; see §IV C and IV L 1.
2 instat(1:lstfile) input file if not a restart
3 Restart old File produced by a previous calculation - see §IV C and IV L 1
4 instat(1:lstfile) input file when an arbitrary initial state is used
5 infile(1:linfile)
6 outfile(1:loutfile)
7 /outputt/warning contains non-critical (and usually irrelevant) information;

the user can safely ignore contents.
8 /outputt/fort.8 file produced by SETQGP during the setup stage; contents normally

only used when there are potential issues with the initial state
9 /outputt/max comp contains the maximum compression obtained

at each iteration
10 /outputt/fort.10 contains critical information for each cell at every ncycrp iteration.
22 /outputt/directed flow Results of directed flow - Vladimir
23 /outputt/initial plots data of the initial contents of the fluid cells

Table IV L 1.

The following files are produced if the input variable kdebug is non-zero. The user should assume these are never
necessary and kdebug = 0 should always be the norm.

if kdebug 6=0

unit name subroutine
11 /outputt/fort.11 phase3
12 /outputt/fort.12 phase3
13 /outputt/fort.13 phase3
14 /outputt/fort.14 phase3
15 /outputt/fort.15 phase3
16 /outputt/fort.16 phase3
17 /outputt/fort.17 setqgp
18 /outputt/fort.18 setqgp

M. Use of ioptos

There are many other files that can be created, many of them to be used for subsequent plotting or for examination
when looking for errors. Their production is controlled by the ioptos parameters. These are given in the following
tables.

1. ioptos1

Table IV M 1 lists those files that are produced when ioptos1 is non-zero.

marker particles plotted ioptos1 6= 0
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unit file name subroutine(s) purpose
70‡ /markers/mkr,k=kmid setqgp produces ellipses to check

for spherical expansion
71‡ /markers/mkr,j=1 setqgp as above
72 /markers/markers,j=1,Euvw picrel, phase1
73 /markers/markers,Euvw picrel, phase1
74 /markers/markers,j=1,Euvwf picrel, phase1
75 /markers/markers,j=1,E picrel, phase1
76 /markers/markers,k=kmid,Euvw picrel, phase1
77 /markers/markers,turb picrel, phase1, produces files to track

setqgp turbulence [p.u.]
78 /markers/markers,turbf picrel, phase1, as above, units of [fm]

setqgp
79 /markers/markers,j=1,initial, 2 picrel These files contain the initial
80 /markers/markers,j=1,initial, .5 picrel positions for those markers
81 /markers/markers,j=1,initial, 1 picrel with y < 2, .5, 1 in cell units
82† /markers/ncycaf/mkr-k=kmid plot/ncycaf phase2
83† /markers/ncycaf/mkr-i=imid plot/ncycaf phase2
84† /markers/ncycaf/mkr-i=imid plt2/ncycaf phase2
85† /markers/ncycaf/mkr-k=kend/ncycaf phase2
86† /markers/ncycaf/mkr-k=kend 1/ncycaf phase2
87† /markers/ncycaf/mkr-k=kend 2/ncycaf phase2
88† /markers/ncycaf/mkr-k=kend 5/ncycaf phase2
89 /markers/markers,all picrel
119 inarb
120 inarb

Table IV M 1

Units marked with a † are produced every ncycrp cycles; those with a ‡ are only produced every 10 iterations and
only if ioptos1 > 1.

The file markers,all contains only the initial values

2. ioptos2

Table IV M 2 lists those files that are produced when ioptos2 is non-zero.

IOPTOS2 6= 0
unit contents file name subroutine

31∗ pressure /plots/press50 plottr
33 many /plots/x-plot.33 plottr
34 many /plots/x-plot.34 plottr
35∗ j=1 density /plots/adens plottr
36∗ j=1 capn /plots/capn plottr
37∗ j=1 x vel. /plots/xvel plottr

Table IV M 2
Units marked with a ∗ are produced every ncycaf cycles

3. ioptos3

Table IV L 1 lists those files that are produced when ioptos3 is non-zero.

IOPTOS3
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25 /outputt/j=1,N,E,P,W... phase1
26 /outputt/j=1,N,N,E,... phase3
50 /output3/j=1,N,E,P,W... phase1
51∗ /output3/imid-kmid phase1
52 /output3/Beginning setqgp
53 /output3/midmoment plottr
54∗ /output3/nc-E plottr
55∗ /output3/nc-imid-uvw plottr
56∗ /output3/nc-imid-vel plottr
57∗ /output3/nc-kmid-zm plottr
58∗ /output3/nc-kmid-xm plottr
59∗ /output3/nc-kmid-vel plottr
60∗ /output3/nc-w plottr
61∗ /output3/nc-P plottr
62∗ /output3/nc-u plottr
63∗ /output3/nc-v plottr
64∗ /output3/nc-N plottr
65∗ /output3/nc-vel plottr
66∗ /output3/nc-xmom plottr
67∗ /output3/nc-ymom plottr
68∗ /output3/nc-zmom plottr
69 /output3/cells,j=1 picrel, phase1

Table IV M 3
Files marked with a ∗ are produced every 10 cycles if ioptos3 6= 0.

4. ioptos4

The sole use of ioptos4 is to regulate the output to fort.10. If ioptos4 is non-zero, output will be written to fort.10
every ncycaf iterations.

5. contours

contour files
unit name subroutine when
781 /contours/imid-contours-10 picrel always
785 /contours/jmid-contours picrel always
787 /contours/imid-contours picrel always
788 /contours/kmid-contours-20 picrel always
789 /contours/kmid-contours picrel always

Table IV M 5
These are produced for each time step.
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V. APPENDIX

A. Choice of Time Step

In principle the time step should be chosen to ensure that the Courant-Friedrich-Lewy[40] criteria is satisfied. This
means that the time step must be such that at least three iterations are required for a particle to cross a cell. In
principle the time step should be (in dimensionless units)

δt =
dz
3vz

.

where vz is the maximum velocity. We use vz = c. In the code the time step is given by

dto = dtote =
1

5

⌊
5

2

dz
2vz

⌋
; (26)

here b c denotes the floor function. Note the additional factor of two which helps ensure stability. One can decrease
further the time step by using the dtmod input parameter.

To convert to physical units, the conversion factor is to first convert to physical units from program units and then
to remember the factor of c in the denominator:

r0 [
4π

3
]

1
3 1

c
= 0.634489× 10−23 .

Each time step will then be 0.634489× 10−23 δt seconds.
The quantity that enters each iteration and multiplies the momentum difference and energy difference is

δt

dz
→ 1

4vz
≥ 0.25 .

B. Choice of marker particle mass

1. Using npartp and npartz

Let δV = δxδyδz be the volume of a fluid cell in program units. Then,

dpt =
δV

ν2
p νz

.

where νp = npartp and νz = npartz, the number of marker particles in the transverse and beam directions, respec-
tively.

With this definition a cell at normal nuclear density, n0, will have ν2
p νz marker particles and the variable CAPN

will have density of either dxdydz or, when multiplied by rdxdydz=1/dxdydz, as when the program returns control
from SETQGP, a density of 1.

For a specified νp and νz the total number of marker particles in a calculation can be estimated if one knows the
volume of the plasma or nuclear matter. For the original scenario of colliding spherical nuclei, the number of cells
would be

NC =
2

3
πN3

R1
+

2

3
πN3

R2

in which, e.g. NR1
is the number of cells across a nuclear radius. The 2 in the numerator occurs rather than a 4

because one needs only calculate the particles above the reaction plane. The number of marker particles is then simply

NC ν
2
pνz.

In an example of 20 cells spanning a radius and a reaction of equi-mass nuclei, one has NC = 33, 510 so if νp = νz,
one has a maximum value of νp = 32. (In the original applications of the relativistic PIC method, one was forced
by memory constraints to use NR1

= 5 and νp = νz = 2 or a maximum of 6, 000 marker particles.) Similarly, if one
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knows the original volume of a plasma and the size of each cell, one can easily calculate the maximum values for νz
and νp.

A remaining question is how is dx, the length of a fluid cell, chosen? In physical units it is simply the radius divided
by the number of cells spanning the radius. But inside the code dimensionless program units are used. These are
defined by

dx =
(s0A)

1
3

NR1

, s0 =
3

4π
.

Recall that 4
3πr

3
0n0 = 1.

a. Example A = 208, NR1 = 20 → dx = 0.18378 δV = 0.00620704, dpt = 0.0000496563 if νp = νz = 5 NC =
33, 50 N = 4, 1888, 790 and dpt×Nc = 208.

2. Arbitrary Initial State – using porton – percentage of the maximum allowed

Let δxc (called dzvfm in the code) be the length of a fluid cell and Vc (called volxyz in the code) be the volume
of the cell; lx and nz are the number of mini-cells in each fluid cell in the x or y and z directions, respectively. The
quantity ζ is the percentage of the maximum desired (porton in section IV J 1) and Nmarker

max is the maximum number
of marker particles, currently set to 5,691,670; ζ Nmarker

max is then the number of marker particles employed in the
calculation. If

nc =
∑

i,j,k

ρijk

where ρijk is the density in each mini-cell in units of fm−3, then

N = nc × Vc (27)

is the number of nucleons in the plasma. The amount of matter each marker carries is then

dpt =
N

ζNmarker
max

NB: we need to worry about the factor of 1/nredux2 in the code - probably need to multiply by
inverse volume in setqgp when producing fort.91.

C. Considerations for the Initial Configuration of the Problem

1217884

1. Equations for a Spheroidal Initial State

For a spheroidal initial state, one can use either of two initial states:

a. choice 1: Quadratic

ρ(r) = α− βr2 (28)

b. choice 2: Gaussian

ρ(r) = G0e
−x2/σ2

x−y
2/σ2

y−z
2/σ2

z (29)
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is the number of nucleons in the plasma. The amount of matter each marker carries is
then

dpt =
N

ζNmarker
max

NB: we need to worry about the factor of 1/nredux2 in the code - probably
need to multiply by inverse volume in setqgp when producing fort.91.

6.3 Considerations for the Initial Configuration of the Problem
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6.3.1 Equations for a Torus

The equation for an ellipse in the xz-plane is

z2

A2
+
x2

B2
= 1, A > B (21)

and the equation for an ellipse in the xz-plane rotated by θ is

z2

(
cos2θ

A2
+
sin2θ

B2

)
+ 2 cosθ sinθ x z

(
1

A2
− 1

B2

)
+

(
sin2θ

A2
+
cos2θ

B2

)
x2 = 1 (22)

In Eqs. (21)-(22) A and B are the lengths of the semi-major and semi-minor axes, respec-
tively, and θ is the angle between the semi-major axis and the z axis.
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FIG. 5. Considerations for the initial state problem.

2. Equations for a Torus

The equation for an ellipse in the xz-plane is

z2

A2
+
x2

B2
= 1, A > B (30)

and the equation for an ellipse in the xz-plane rotated by θ is

z2

(
cos2θ

A2
+
sin2θ

B2

)
+ 2 cosθ sinθ x z

(
1

A2
− 1

B2

)
+

(
sin2θ

A2
+
cos2θ

B2

)
x2 = 1 (31)

In Eqs. (30)-(31) A and B are the lengths of the semi-major and semi-minor axes, respectively, and θ is the angle
between the semi-major axis and the z axis.

The matter and energy densities in the nht cells in the y-direction will be chosen according to one of the two
parametric forms and the parameters (densmx, densmn, densex, densen) given in inhydro. The parameters in the
parametric formulae are chosen as follows. The variable Rc is the center of the band of matter that defines the torus,
Rc = 1

2 (Rmaj +Rmin).

a. α+ β2 (Rc − r)2δx2 It is trivial to show that

α = densmx (32)

β2 =densmn−densmx
(Rc−Rmin)2δx2 . (33)

A similar set of equations apply to the energy density.
b. αexp[−β2 (Rc − r)2δx2]:

α = densmx (34)

β2 =− log
(
densmn
densmx

)
1

(Rc−Rmin)2δx2 . (35)

A similar set of equations apply to the energy density.
A comparison of the two forms is shown in Figure 2

3. Method of Solution for finding density Parameters

To implement the above parameterization of the densities, one needs to find the distance of the center of the mini-
cell from the middle torus. For a circle this is easy: the shortest distance lies along the radius. But as a torus is
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The matter and and energy densities in the nht cells in the y-direction will be chosen
according to one of the two parametric forms and the parameters (densmx, densmn, densex,
densen) given in inhydro. The parameters in the parametric formulae are chosen as follows.
The variable Rc is the center of the band of matter that defines the torus, Rc = 1

2(Rmaj +
Rmin).
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FIG. 6. A torus in the xz-plane.

distorted, this is no longer true as the Figure 6.1.3 demonstrates. The figure shows an example for finding the distance
d from the point (x0y0) = (7.5, 2.5) to the center torus with Rmaj = 10, Rmin = 8.

The Euclidean distance of the point (7.5, 2.5) to the unknown point (x, y) on the torus is

d =
√

(x− x0)2 + (y − y0)2) =

√
(x− x0)2 +

(
Rmin

√
1.− x2/R2

maj − y0

)2

and to find the minimum distance one takes the derivative, sets the resulting expression to zero and solves for x:

x




Rmin

 y0√
1− x2

R2
maj

−Rmin


R2
maj

+ 1



− x0

√(
y0 −Rmin

√
1− x2

R2
maj

)2

+ (x− x0)2

= 0. (36)

In principle this equation can be solved using Mathematica, but in practice it failed to do so after 24 hours. A
numerical solution is required in general.

However, for a specified Rmaj , Rmin, x0, andy0 solutions are rapidly found. For the example in the figure x =
8.27046985, y = 3.3727968 is found resulting in d = 1.1642.

An alternate approach is to recognize that at the point (x, y) the tangent to the torus must be perpendicular to
the line from (x0, y0) This results in the equations:
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α+ β2 (Rc − r)2δx2 It is trivial to show that

α = densmx (23)

β2 = densmn−densmx
(Rc−Rmin)2δx2

. (24)

A similar set of equations apply to the energy density.

αexp[−β2 (Rc − r)2δx2]:

α = densmx (25)

β2 = − log
(
densmn
densmx

)
1

(Rc−Rmin)2δx2
. (26)

A similar set of equations apply to the energy density.

A comparison of the two forms is shown in Figure 2

DRAFT 39
DRAFT

FIG. 7. Gaussian versus spherical density profiles.

x1 − x0

y1 − y0
=

Rmin x1

Rmaj
√
R2
maj − x2

1

(37)

(x1 − x0) Rmaj

√
R2
maj − x2

1 = (y1 − y0) Rmin x1

(x1 − x0) R2
maj

√
R2
maj − x2

1 = (Rmin

√
R2
maj − x2

1 − y0 Rmaj) x1 Rmin (38)

which appears to be simpler.
Using the same example and solving for x1 results in
x1 → 8.27046. This coincides with the previous result.
Mathematica can obtain solutions for Eq. 38 but the results are very complicated and intractable. Again, a

numerical solution is required.

4. Arbitrary Initial State

To be added

5. Initial conditions in recent numerical hydro approaches

Due to the simplicity and similarity to the Bjorken model, the x, y, η, τ coordinate system is frequently used in
recent 3+1D fluid dynamical models [41, 42].
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x1 → 8.27046. This coincides with the previous result.

Mathematica can obtain solutions for Eq. 29 but the results are very complicated and
intractable. Again, a numerical solution is required.
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Fig 6.1.3. Torus showing minimum distance

6.3.3 Arbitrary Initial State

To be added

6.4 Limits for Equations relating the Calculational Frame to the Rest Frame

Recall Eq. (17):

ξ2 = A2
[
1− C(4− ξ2)2

16(B −Bbag)2

]
. (30)

Solving,

ξ →
4
(
−2(B −Bbag)2 +A2C ± (B −Bbag)

√
A2C(−4 +A2) + 4(B −Bbag)2

)

A2C

which is much quicker than iterating. Alternatively,

B(1− x) = ε+ xP (ε) (31)
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FIG. 8. Torus showing minimum distance.

This approach seems to be simple and adequate for relativistic heavy ion collisions, but the formulation of the initial
state is problematic. There are two sources of mistakes. The first is regarding the consideration of the x, y, dependence
of the initial state. Note that the initial touch happens at different space-time points for different x, y, transverse
points. This may be negligible at ultra-relativistic energies. Still the Glauber model provides different (angular)
momentum for different transverse points, x, y, and so the longitudinal (η) distribution of the energy and momentum
should not be identical for each transverse point. The models [41, 42] and many other oversimplified approaches
assume identical η distribution for the energy and momentum for each x, y, transverse point, thus eliminates the
angular momentum from the initial state, and thus all consequences of the angular momentum, as stratified flow,
shear flow, turbulence, local vorticity and polarization.

Our initial model of Magas et al. [23, 24] solves this problem satisfactorily and maintains the initial angular
momentum. Microscopic models, which consider the longitudinal motions in a realistic way, also conserve the angular
momentum and can serve as realistic initial states. The average of such microscopic model calculation’s can serve as
realistic initial states, which conserve angular momentum.

The Initial Configuration, has another typical problem. The η distribution of energy and momentum are frequently
not constrained at all, making the longitudinal features of the model fully unrealistic. In improved versions of the fluid
dynamical models in the x, y, η, τ, coordinates the initial longitudinal distribution is constrained, but sometimes in
is not constrained between the projectile and target rapidities, as e.g. in ref. [41], while in other cases this constraint
is explicitly required as in ref. [42].
Still the attractive interaction by the chromo-electric fields [43] is not taken into account, which decreases the longi-
tudinal spread of the initial rapidity distribution, [44] by about 2.5 units of rapidity on both the target and projectile
sides for ultra-relativistic energies and for heavy nuclei like Au or Pb.

Viscosity and dissipation estimates with initial conditions where the longitudinal shear is neglected (∂xvz = 0 or
∂xvη = 0, usually from vη = 0), including 2+1D calculations with prescribed longitudinal Bjorken scaling flow, are
unrealistic as shear dissipation in is reduced to zero in one of the three directions, whereas in realistic estimates the
vorticity in the x, z plane is an order of magnitude larger than in the x, y plane [47–50]. Thus, the viscous dissipation
in such calculations is strongly underpredicted.

The Magas et al. [23, 24] initial state takes these deceleration effects, the angular momentum conservation and the
eta containment into account.

The approach of ref. [42] would be appropriate if the angular momentum conservation would be satisfied within
the eta constraints, and could satisfy the conservations laws.
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D. Limits for Equations relating the Calculation Frame to the Rest Frame

Recall Eq. (17):

ξ2 = A2
[
1− C(4− ξ2)2

16(B −Bbag)2

]
. (39)

Solving,

ξ →
4
(
−2(B −Bbag)2 +A2C ± (B −Bbag)

√
A2C(−4 +A2) + 4(B −Bbag)2

)

A2C

which is much quicker than iterating. Alternatively,

B(1− x) = ε+ xP (ε) (40)

C(1− x)2 = (ε+ P )2x (41)

→ x =
ε+ P

B + P

C
(P + ε)2

(P +B)2
=

(ε+ P )2(B − ε)
P +B

or C = (B − ε)(P +B) (42)

ε = B − C

P +B
(43)

(44)

inserting into the equation for C

1. Pressure independent of density

The solution of Equations (11) - (14) simplify considerably if the pressure depends only on the energy ε rather than
explicitly on density through the function h above. This is the case in the QCD plasma wherein h = − 4

3Bbag. In this
case we have

E(1− x) = ε+ xP =
1

3
[ε(3 + x)− 4xBbag]

or

ε =
3B(1− x) + 4xBbag

3 + x
(45)

which upon insertion into the equation for the momentum leads to

C(1− x)2 = x(ε+ P )2 =
16

9
x(ε−Bbag) =

16

9
x

9(1− x)2(B −Bbag)2

(3 + x)2
.

Hence,

C = 16x
(B −Bbag)2

(3 + x)2
(46)

Solving for x

x =
1

2

[
D − 6±

√
D2 − 12D

]
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where D =
16(B−Bbag)2

C .

x =
1

2

[16(B −Bbag)2

C
− 6± 8(B −Bbag)

C

√
4(B −Bbag)2 − 3C

]
(47)

One must take the minus sign to ensure x→ 0 when C → 0.
From this we can obtain ε (eq. 45), P, ~v and n.

γ2 =
1

1− x
ε =

E(1− x)

1 + xb
→ 3(1− x)

3 + x
E

P =
b(1− x)

1 + xb
E − 4

3
Bbag →

1− x
3 + x

E − 4

3
Bbag

N = γn

~v =
~M

C γ2 ε (1 + b)
(48)

The approach outlined above will not always work; occasionally, the solution for x will be greater than 1 which is
unphysical. These equations can be used to put restrictions on allowed values of B,C, ....

16(B −Bbag)2

C
− 8(B −Bbag)

C

√
4(B −Bbag)2 − 3C < 8

16(B −Bbag)2 − 8(B −Bbag)
√

4(B −Bbag)2 − 3C < 8C

If B > Bbag

√
4(B −Bbag)2 − 3C > − C

(B −Bbag)
+ 2(B −Bbag)

4(B −Bbag)2 − 3C >
C2

(B −Bbag)2
− 4C + 4(B −Bbag)2

or

(B −Bbag)2 > C (49)

Harlow et al claim that C > B2 leads to x > 1. The equation above indicates the situation is a bit more complicated
than this in that the compressional pressure would need to be included in their case.

2. Zero Bbag

In this case

A2(1− x) = ξ2

E(1− x) = (1 + xb)ε (50)

C(1− x)2 = x ε2(1 + b)2

P = bε

y =
C

B2
=

~M2

E2
=
x (1 + b)2

(1 + xb)2
=

(γ2 − 1)γ2(1 + b)2

[b(γ2 − 1) + γ2]2
→ 16γ2(γ2 − 1)

[4γ2 − 1]2
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with the last expression for b = 1
3 . Solving for x

x =
1 + b2 + 2(1− y)b± (b+ 1)

√
(b2 + 2(1− 2y)b+ 1)

2b2y
(51)

→ 8− 3y ± 4
√

4− 3y

y
for b→ 1

3
. (52)

We need to take the − in the ± so that x→ 0 when y → 0.
−3y−4

√
−3y+4+8
y → 9

16 (y + 3
8y

2 + 45
256y

3 · · · )
Note that for x→ 1, y → 1
y → 1 + 1

2 (x− 1)− 3
8 (x− 1)2 + · · · .

3. P = 0

If P = 0,

B(1− x) = ε

C(1− x)2 = xε2

− > C(1− x)2 = xB(1− x)2

with the result that

x =
C

B2

ε2 =
E2 − ~M2

E
= E2(1− x)

N = γn

~M = γ2 ε ~v (53)

E = γ2ε

~v =
~M

E
.

This is attractive because for edge cells for which we don’t know the proper density (i.e., how much of a cell is
filled), this definition of x does not depend on the volume filled.

4. Velocity Specified or Known

In some instances, e.g. an initial state, the velocity is specified rather than the momentum. In this case the
equations to be used to determine the remainder of the initial quantities are as follows.

In this case the first of the Euler equations, Eq(4), relating the number density N to the rest-frame density, n, is

determined. This leaves four remaining equations to determine the six quantities E, ε, P, and ~M ; in addition one
has the EOS equation to determine P . One thus needs one more equation.

Assume that the energy, E, in the calculation frame is specified and the pressure is density independent as above.
Then, as before, see Eqs. (45) and (46),

~M2 = C = 16x
(E −Bbag)2

(3 + x)2
,

(recall B = E and x = ~v 2) and

ε =
3E(1− x) + 4xBbag

3 + x
,

P =
1

3
[ε− 4Bbag] .

If the pressure were density-dependent one can also solve the equations by iterating to solve for ε.
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E. Dimensions

The dimensions are fixed by noting that if tnc is the number of cells spanning the radius of a stationary nucleus,
then

4

3
πt3ncρ0 = A.

If we set ρ0 = 1 – which defines program units – then

Dpu =

[
3A

4π

] 1
3

= 0.62035A
1
3 .

Since tnc is the number of cells across the transverse radius, then we define

dpu =
Dpu

tnc
.

For a moving nucleus, dx = dy = dpu. We define these units as program units. In real space one has R = r0A
1
3 . The

ratio of the two is

Dpu

R
=

1

r0

[
3

4π

] 1
3

= 0.525721

assuming r0 = 1.18 fm. Note also that if d = R
tnc

,

(
dpu
d

)3

=
1

r3
0

3

4π
= ρ0 = 0.1453 .

To convert from program units to fm, one must multiply by r0

[
4π
3

] 1
3 =1.90215 = 1/0.525687.

Energy in the hydro code is in units of mN ; to get the total energy, e.g., multiply by 931.57 MeV. In code a
nucleon mass of mN = .9395731GeV is assumed. Note that in converting energies to program units, a mass of
.9315731 = mn − 0.008 is used. In the early uses of the code one needed to account for the compressional energies
and the 8MeV is just the average binding energy/nucleon.

Consider the simplest case of an elliptical nucleus, all of which is moving at the same velocity (i.e., one with Lorentz
contraction). The amount of baryon matter carried by each marker particle is

pnu = γn0δV = γn0
dxdydz
npt

where npt = nxnynz is the number of marker particles in each cell at normal density n0, δV is the volume, and dx,
dy, and dz are the cell dimensions,

dx = dy = dpu =

[
3A

4π

] 1
3 1

tnc
.

Thus,

pnu = γ n0
3A

4π

1

t3nc npt

assuming dz = dx.
The total number of occupied cells for a nucleus is 4

3πt
3
nc

1
γ , the total number of points representing a nucleus is

then 4
3πt

3
nc

1
γnpt. The baryon number then carried by the nucleus is

4

3
πt3nc

1

γ
npt × pnu =

4

3
πt3nc

1

γ
npt × γ n0

3A

4π

1

t3nc npt
= A n0 .
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In the code n0 = 1.
When exiting from SETUP , the array CAPN contains the density of each cell. For full cells having normal density

(n = n0 = 1), CAPN will have the value of γ (N = γn = γ). Multiplying by the volume element dxdydz (= dxdydz),
one obtains the number density in each cell. The number density will be an integer multiple of the fraction of a
nucleon that each marker particle carries (pnu).

The energy in each cell is just 0.99141× γ2. One γ comes from the dilation - actually, from the nucleon content in
each cell is increased by γ because the volume is decreased by γ. The second γ arises because the units of the cell are
mN but the mass of each nucleon increases by γ from the kinetic energy.

~c = 197.326968(17)MeV fm

c = 299792458m/s ≈ 2.9979× 108m/s = 2.9979× 1023fm/s

fm/c = 3.33565× 10−24s

F. Examples for Normal Density Cells

In these examples a nucleon mass of mN = .9395731GeV is assumed. Note that in converting energies to program
units, a mass of .9315731 = mn − 0.008 is used. In the early uses of the code one needed to account for the
compressional energies and the 8MeV is just the average binding energy/nucleon.

1. Time Example 1

A = 197
tnc = 10
E = 6.70246
vz = 0.9230771 c
γ = 2.60000
Rt = 6.866 fm

Rcell = 0.6866 fm
dx = 0.36096 pu
dz = 0.36096 pu

pnu = 0.0045288
dxdydz = 0.04703028
nx = nz = 3

Npt = 43499
Nc = 1611.07

E/γ2 = 0.991485

The time required for light to travel dz = 0.6866fm is 0.2290 × 10−23s = 0.7639 fm/c. The transit time for a
particle at velocity vz is then 0.2481× 10−23s. In the code the time step is given by

dto = dtote =
1

5

⌊
5

2

dz

2vz

⌋

If one does not truncate (i.e., use the floor function), dtote = 0.4888 and dto = 0.09776. Using the floor function,
dtote = 0.4 and dto = 0.08.

Considering first the case of the untruncated values, dto = 0.09776, by observation it takes 52 time steps to
move a particle through 13 cells. This means it takes four time-steps/cell. Thus, by observation, the time step is
1
4 × 0.2481× 10−23s = 0.0620277× 10−23s = 0.206902fm/c.

Alternatively, multiplying dto by the conversion factor 1.90215, we obtain 0.185954 and dividing by c, we get
0.0620276. Thus, to convert the time steps from the program units to seconds, multiply by

conv

c
=

R

Dpuc
=

1

r0 c

[
3

4π

] 1
3

= 0.6345× 10−23.
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Finally, taking the truncated value of 0.08, one has for each time step

0.08× conv

c
= 0.05076× 10−23s = 0.16931 fm/c .

By observation a particle moves 14.92 cells in 68 time steps or 14.92 ∗ .36096/68 units per time step for a time step
of 0.07389/0.9230771 = 0.08004 in program units or 0.051× 10−23s.

2. Time Example 2

A = 197
tnc = 10
E = 0.004905
vz = 0.1022175 c
γ = 1.0052655
Rt = 6.87 fm
Rcell = 0.6866 fm
dx = 0.36096 pu
dz = 0.36096 pu
pnu = 0.0059097

dxdydz = 0.0470303
nx = nz = 2
Npt = 33334

Taking the truncated value of 0.88, one has for each time step

0.08× conv

c
= 0.55835× 10−23s = 1.86246 fm/c .

By observation a particle moves 11.6855 cells in 63 time steps or 0.185484 units per time step for a time step of
0.07389/0.9230771 = 0.08004 in program units or 0.051× 10−23s.

3. Examples - Different Energies

Tkin = 1 GeV 2 GeV 8 GeV 0.060421 GeV
A = 200 200 200 198
tnc = 5 10 10 12
vz = 0.874834 0.947543 0.994461 0.342333
γ = 2.0734531 3.12863 9.51451 1.06431
y = 1.35332 1.80716 2.94319 0.356733
Rt = 6.90 fm 6.90 6.90 fm 6.8776 fm

Rcell = 1.38014 fm 0.690068 fm 0.690068 fm 0.573134 fm
dx = 0.725566 0.362783 p.u. 0.362783 p.u. 0.301308 p.u.
dz = 0.725566 0.362783 p.u. 0.362783 p.u. 0.301308 p.u.

nx = nz = 2 5 8 8
pnu = 0.0990Amsden 0.Amsden20203 0.000894092 0.000056863

dxdydz = 0.381972 0.0477465 0.0477465 0.0273548
Npt = 2,032 166,385 223,690 3,482,050
Nc = 252.525019 1331 1331 6801
E = 4.26228 9.8187 91.1399 1.1231

E/γ2 = 0.991485 0.991485 0.991485 0.991485

a. Example 1 The value of CAPN for a full cell is 2.073453 which is just γ. Multiplying by dxdydz one obtains
0.7920 = 8× .09900. Thus, the cell contains eight marker particles and 0.792 nucleons; 0.792×Nc = 200.

b. Example 2 The value of CAPN for a full cell is 3.14690613 which is just γ. Multiplying by dxdydz one obtains
0.6956 = 27 × .0257637. Thus, the cell contains 27 marker particles and 0.69562 nucleons; 0.69562 ×Nc = 200. The
energy in each cell is just 0.99141× γ2.
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c. Example 3 The value of CAPN for a full cell is 9.58762. Multiplying by dxdydz one obtains 0.457775 =
512 × 0.0008941. Thus, the cell contains 512 marker particles and 0.457775 nucleons; 0.457775 × Nc = 200. The
energy in each cell is just 0.99141× γ2.

4. b=0, tnc=18; an Example from output 0

For A=198 RA = 6.8776 fm each cell will have a physical dimension of 0.573134 fm in each direction. In program
units the dimension will be (dividing by 1.90215=1/0.52572) 0.3013 p.u. A fluid cell will have volume 0.188264 fm3

or 0.0273548 in program units.
For this case zmin = −zmax = −3.9570 fm. This implies 2×3.9570

0.0602616 = 69 mini-cells (assuming nredux = 5 and 13
fluid cells. The dimension of the mini-cells will be 0.0764178fm in each direction.

If we were to read into the code (to mimic Vladimir’s input) a file in which the densities are normal density, one
has the nucleon content for each cell

ρ0d
3.

To convert this to program units recall

(
dpu
d

)3 = ρ0,

so the nucleon content becomes

ρ0

ρ0
d3
pu = d3

pu.

Just before leaving SETQGP we convert to densities by multiplying by rdxdydz = d−3
pu ; hence, each cell would have

value 1 as required.
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G. Routines

The following is a list of subroutines, their calling arguments, and their purpose as of 1 May 2013. (The line
numbers are correct as of 20/11/13 but should be considered approximate as changes in the code subsequent to 20
November 2013 might involve adding to deleting lines.)

1. routines

name purpose
area called from phase2; calls strmom; calculates volume around a marker

particle
asci
aver For external cells - calculates local quantities
centres
cnucl defines sundry variables for the calculation
counms
eigen matrix diagonalization routine using Jacobi method
eqost
eqsqcd3
feqcd3 For a given temperature T and µ calculate the energy, ε, of the plasma

and return the difference ε− ε1, µ1 a previous energy; called from
rtmi which in turn is called from eqsqcd3 and rtmj. Also called
directly from eqsqcd

fun
funalt
opnfil assigns units for sundry output

Table V G 1

2. Routines and their Purpose in File phases.f

line No.
1 subroutine phase1 (mleave,kpbar)

Updates the rest-frame values of sundry variables - writes out
517 subroutine phase2 (mleave,zpmin,zpmax,enmaxc)

Performs the advection - phase 2 of the PIC method
1005 subroutine phase3 (kdisp,zpmin,zpmax,zpminz,zpmaxz,iexpnd)

Updates the rest-frame values of sundry variables - writes out
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3. Routines and their Purpose in File setting.f

line No.
1 subroutine inarbt (porton)

788 subroutine prodis)

874 subroutine setqgp
subroutine to set up initial state for QGP calculation using
the initial state from Vladimir’s code.

2305 subroutine setup (centrx,centrz,delx,distfp,distmn,ztedp,endp)

2780 subroutine sphchk
Routine to check symmetrical positions of particles

2873 subroutine sphere
subroutine to set up initial state for QGP calculation using
an elliptical initial state

3505 subroutine torus
subroutine to set up initial state assuming a parametric
form of a torus.
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4. Subroutines and their Purpose in File subr − all.f

line No.
1 subroutine area (addr,volm,irx,irxbk,i,j,k,l,xte,yte,zte)

303 subroutine arne1
Routine to calculate the compression component of the Sierk-Nix[36] EOS

343 subroutine asci (ia,n,irow)

386 subroutine aver (i,j,k,ijk,ijmkm,ijpkm,imjkm,ipjkm,xi,bsq,x,y

898 subroutine centres (centrx,centrz,npxz,npt)

941 subroutine checks

1107 subroutine chksym

1225 subroutine cnucl
Sets various constants needed in the calculation

1383 subroutine counms (iq,jq,kq,num,num2,kfrz)

1538 subroutine eigen (a,r,n,mv)
Routine to diagonalise a matrix using the Jacobi method

1695 subroutine enbkst (ijk,v)

1822 subroutine eqsqcd3 (anq,eq)

1983 subroutine frank
Routine to calculate the compression component of the Frankfurt[39] EOS

2331 subroutine gcf (gammcf,a,x,gln)
Called by gammp, hence erf– to calculate the error function

2359 subroutine gser (gamser,a,x,gln)
Called by gammp, hence erf – to calculate the error function

2404 subroutine initpr

2498 subroutine innn

2530 subroutine intern (i,j,k,ijk,iphs3,adens,ib4,numlvv,uijk,vijk,wijk

3428 subroutine interx (i,j,k,ijk,iphs3,adens,ib4,numlvv,uijk,vijk,wijk

3669 subroutine isomer
Routine to calculate the compression EOS with a density isomer[57]
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line No.
3723 subroutine koccupy (iq,jq,kq,io,io6,jdim1)

3996 subroutine markr1

4451 subroutine opnfil
Opens relevant files for use during the calculation

4579 subroutine outfin (timfmc,centrz,ktemp)
Produces output

4863 subroutine plot (ibar,kbar,dens,id,imin,imax,kmin,kmax)
Plots certain quantities in a format for a lineprinter; stored in /plots/

5002 subroutine plot1 (ibar,kbar,dens,id,imin,imax,kmin,kmax)
Plots certain quantities in a format for a lineprinter; stored in /plots/

5137 subroutine plottr (adens,eedns,aplot,cplot,kmove,ipmin,ipmax,kplmin,kplmax)
Plots figures using a lineprinter format

5483 subroutine prschk (ckc)
Checks if the pressure is symmetric; called from setup; probably archaic

5527 subroutine prxx (anprz,enprz)
Calculates pressure if a Maxwell construction might be required

5898 subroutine reddr
Routine to calculate approximate velocity of expansion along light cone

5975 subroutine rtmi (x,f,fct,xli,xri,eps,iend,ier)
Root solver

6078 subroutine rtmj (x,f,fct,xli,xri,eps,iend,ier)
Root solver

6184 subroutine strmom (ijk,i,x,y,z,e,c)

Stores in linear arrays values of ~M,E,N ; called by phase2
6237 subroutine strmoma (ijk,i,c)

6272 subroutine strmomb (ijk,i,c)

6305 subroutine tablt
Called by intern; archaic

6355 subroutine tortst
Formerly used by torus

6411 subroutine writer (volxyz,cmin,cmax,asumv)
Writes initial profile information

6624 subroutine wtnwt (jdim1,npower)

6904 subroutine xiter (i,j,k,x,y)
Routine that, for a given ξ, iterates to calculate x from which one can obtain y

6960 subroutine zhistory
Non-operation routine; collects the change history
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5. Functions and their Purpose in File subr-all.f

line No.
1726 function eqost (x)

Function to return the energy of a specified (via /option/) EOS at density x
1897 function erf (x)

Error function - from Numerical Recipes
1908 function fct1 (x)

Function used by rtmi, intern, and interx
1927 function fct2 (x)

Function used by rtmi, aver, intern, and interx
1950 function feqcd3 (t)

2001 function fun (an)
Function used by rtmi, aver, intern, and interx

2063 function funalt (x)
Routine formerly used by phase3

2080 function fungus (iopt,x,sigma,x0,sig,alpha,beta,enx)
Function used by sphere

2108 function funwr (an)
Function used by rtmi and intern

2171 function funx4 (x)
Function used by rtmi, aver, and intern

2221 function gammf (x)
Function used by rtmi and phase3

2236 function gammfp (x)
Function used by rtmi and phase3

2251 function gammh (x)
Function used by rtmi and phase3

2270 function gamnix (xi)
Function used by rtmi to find roots in phase3

2281 function gamnix1 (x)
Function used by rtmi and phase3

2291 function gammp (a,x)
Function used by erf

2305 function gammln (xx)
Function used by gcf and erf

2379 function ijkret (ijk)
Function that returns for given ijk the location in storage the relevant quantities are stored

4439 function mylenc (string)
Routine to calculate the length, i.e. the number of characters, of the input string

5938 function retrev (ijk)
For a given i, j, k retrieves the location in the arrays that the relevant quantities are stored

5965 function rootr (s)
Used in torus and rootr

H. Dissipation and entropy production

1. Consequences of numerical viscosity

Recent fluid dynamical models recognize the importance of numerical viscosity, which is actually a long known
feature of fluid dynamical modeling. Some numerical viscosity is actually necessary to maintain numerical stability.

All models have a finite numerical cell resolution and thus the coarse graining leads to the dissipation of the higher
frequency excitations to thermal degrees of freedom. This is also recognized in the recent modeling approaches,
[41, 42]. At the same time the numerical dissipation is also dependent on the numerical method.

The importance of this numerical dissipation is important and essential because of the recent recognition that the
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Quark Gluon Plasma has especially low viscosity in the region of the phase transition [45, 46].
In numerical models the numerical viscosity is frequently of the same order of magnitude as the minimal viscosity

and thus the contribution of the numerical viscosity should be corrected for, which is in most cases not done.
While this effect is mentioned [41, 42] the real study of numerical dissipation is very limited. For the PICR code a

detailed evaluation for the (3+1)D fluid dynamical model calculation is presented in ref. [89] of the Bibliography.
In other recent models, in [41] the existence of the numerical viscosity is mentioned but it is not analysed. In ref.

[42] the dissipation due to numerical viscosity is studied but only in a one dimensional Minkovski reference frame.
The conclusion was that the numerical viscosity (η/s) is linearly increasing with the (one dimensional) cell size [42].
If we consider that in this model the x, y, η, τ , coordinate system is used the longitudinal cell size is increasing with
proper time as τ∆η. Thus at later times the longitudinal dissipation is increasing by an order of magnitude or more,
and as a consequence the dissipation will become highly anisotropic!

This is a highly non-physical effect which was recognized in early model calculations of the Frankfurt and Los
Alamos teams and as a consequence the approach using non-isotropic cell sizes and the x, y, η, τ frames were
abandoned, because the unrealistic features of the numerical viscosity led to artifacts, which could not be avoided.

VI. INTRODUCTION TO THE BIBLIOGRAPHY

In addition to the references used in the above manual, a detailed bibliography is presented on the publications
where the method was presented and then applied in the field of High Energy Heavy Ion Physics. This bibliography
starts with items [51–53], the first fluid dynamical applications in this field.

The PIC method dates back before the high energy heavy ion experiments. Originally it was used for other highly
dynamical processes and detonations, and the original versions were not relativistic.

The first high energy heavy ion reactions in laboratory were studied in the early 1970s, and the first theoretical
publications, which anticipated that here energetic shock and detonation phenomena may occur were published in
refs. [51–53]. In these reactions the projectile speed already exceeded the speed of sound in ground state nuclear
matter, ∼ 0.2 c. Thus, simple compression shocks were considered a realistic possibility, although theoretical debates
lasted until 1984, when the first undebatable evidence for collective flow processes were measured at the Plastic Ball
detector in the Lawrence Berkeley Laboratory (now LBNL).

As the nuclear sound speed was already 0.2 c, a realistic and quantitative reaction model estimate had to be
relativistic, and the Los Alamos PICR code was the first code that was formulated relativistically in the mid and late
1970s and early 80s [15, 16, 18].

The initial condition was immediately a problem as the local statistical equilibration, which is a pre-requisite of
the use of fluid dynamical approach, was not established from the first moments of the collision. This one needed a
dynamical model which led to the local thermal and statistical equilibration of the matter. Within the fluid dynamical
approach this problem was also attacked and a two-fluid model was constructed, which led to the local equilibrium
[19].

One of the fundamental issues of the fluid dynamical model approach became apparent early. The flow in an
explosive heavy ion reaction process is producing a large amount of entropy. This happens already in the early stages
of the reaction before local equilibrium is reached, and then further on during the explosive fluid dynamical expansion.
The entropy production is an important observable, and provides valuable information on the dynamics of the collision
process. This was realized early, and in connection with the PICR code the first discussion appeared in 1981[56].

In the 1970s many had the opinion that in heavy ion collisions we have a few sporadic nucleon-nucleon collisions,
which are not sufficient to achieve local thermalization, like in a very dilute gas. One had to compare the predictions
of different models [58–60], which were distinctly different and finally experimental evidence decided the problem at
the Plastic Ball detector of the BEVALAC in Berkeley in favor of fluid dynamics.

Subsequently collective flow processes were analysed in detail, the ‘side splash’ or ‘bounce off’ patterns were identi-
fied, which are called the ‘directed flow’ today. This effect made it possible to about the stiffness or compressibility of
the nuclear matter, i.e. on the equation of state (EoS) [61, 62]. At these low energies the matter at the center of the
collision was ‘squeezed-out’ from the overlap region of the two colliding nuclei, in to the directions transverse to the
reaction plane. Later, at higher energies, the central matter was deflected in the reaction plane, which is then called
‘elliptic flow’. The results, primarily arising from the PICR hydro calculations were summarized in refs. [17, 63].

The phase transition between the nuclear matter and the quark-gluon plasma (QGP) was taken into account at this
time via a Maxwell construction between the two phases, where different nuclear matter EoS parametrizations were
used being in equilibrium the QGP, which is parametrized by the MIT Bag Model EoS. This Maxwell construction
led to a tabulated EoS, p = p(n, T ).

Later on in 1992, in dynamical studies the phase transition speed was estimated by Csernai and Kapusta, who
have found that the time needed for an equilibrated phase transition is longer than the whole collision time. Thus,
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the QGP should supercool during the rapid, explosive expansion, and hadronize from this supercooled state. This
reaction scenario was then used in the hydro calculations [67]. We still use this assumption today, when direct hadron
emission from supercooled QGP is assumed. (An alternative is the hybrid model, which will be mentioned later.)

The presence of the soft QGP in the middle of the collision led to a change of the flow pattern, which showed up
immediately in the first PICR hydro calculations, as a smaller peak at small rapidities in the reaction plane, in the
direction opposite to the directed flow [71]. At that time we did not consider this as an important result, but later
on due to experimental developments and other theoretical results in 1999 (Csernai & Rohrich, [Phys. Lett. (1999)])
we concluded that this is a general feature and sign of QGP formation and this local peak was named ‘the 3rd flow
component’. Later on the Frankfurt theory school obtained the same result and called it ‘anti-flow’. It was verified
experimentally later by the STAR collaboration at RHIC, and the result was first presented at the Shanghai QM
conference in 2006 by Gang Wang for the STAR collaboration.

Around 2000 we introduced an initial state model which was based on initial Yang-Mills field longitudinal expansion
dynamics, a model worked out by V.K. Magas [23]. To make the initial state more realistic subsequently a Riemann
longitudinal scaling expansion was added to the model. This was important especially for the central cells, which due
to the larger colour charges at their ends and the arising larger string-rope tension stopped earlier and had to start
to expand longitudinally [24]. This became an integrated part of the model in the routine SETQGP, and it has been
so since than. At the present meeting we discuss the possibilities to relax this initial state model and allow more
flexibility in formulating the initial state.

An earlier work [71] was the first discussion of the connection between the hydro models and molecular dynamics
models. Which also became an important point later on and led to the ‘multi module models’ or ‘hybrid models’. An
important contribution to this model construction was discussed in 2010 in ref. [86].

The sensitivity of fluid dynamical model results was from the beginnings a basic issue, where the fluid dynamics
provided the unique direct connection between flow patterns and the EoS [77, 78, 80].

By about 2005 several improvement were made on the code to make symmetries more precise, making conservation
laws as exact as possible, and to improve the treatment of external surfaces.

Later on the transport processes and the viscosity became of interest also. In this respect the fluid dynamical
modeling is important, because coarse graining by the finite cell size and time step, lead to a smoothing of the
dynamics, just like viscous dissipation does. This is a well known phenomenon and called numerical viscosity. If
our goal is to study dissipative processes and viscosity in theoretical models the quantitative study of the numerical
viscosity and its entropy production is unavoidable. If we do not do this than numerical physical effects are mixed
together and lead to unreliable results! Therefore it is important to mention the work [89], which evaluated numerical
viscosity and the resulting dissipation and entropy production in the PICR Hydro Code.

At this point a remark is necessary, that in many fluid dynamical models numerical viscosity is not analysed and
its existence is not recognized, thus presenting unreliable results.

Anther numerical possibility is to enforce entropy conservation numerically. This is possible, but it makes the
situation even worse. The coarse graining is still present in these codes, which absorbs high frequency flow patterns,
but the corresponding energy is not dissipated into heat (due to the fixed entropy), but it is fed back into the system
with artificial excited longer (grid related) waves, which are fully unphysical. Thus this approach is to be avoided and
could only be justified in physical situations where the process is smooth physically as well as the dissipation can be
neglected based on physical grounds (like in some dilute astrophysical systems).

Finally at last an important unique feature of the PICR Hydro Code should be discussed. This model enables us to
have a fine resolution with small fluid cells (down to (0.3 fm)3) and a large number of ‘marker particles’ within each
cell, which carry a small, constant fraction of the conserved net baryon charge. These marker particles follow the flow
as Lagrangian fluid cells. Thus, the model, where the marker particles are conserved and followed in the space-time,
conserves the net baryon charge exactly. Furthermore the number of marker particles can exceed a million and this
leads to very high precision. The fact that they follow the flow provide the possibility that the flow can be visualized
with utmost precision and resolution, exceeding the resolution of the Eulerian fluid cells by orders of magnitude!

In addition to avoid grid related waves and structures the marker particles are positioned initially randomly into
the fluid cells, so unwanted numerical effects are minimized further.

These special and unique features of the PICR method are exploited in recent model calculations where the devel-
oping rotation and even the development of flow instabilities (like the Kelvin-Helmholtz Instability (KHI)) could be
visualized directly in the solutions [87, 88]. This would lead to considerable difficulties in simple Eulerian approaches,
thus in these models the direct development of instabilities was not shown up to know, although at the final stages
density waves were observed, but wave development was not shown.

It is interesting to mention that the development of turbulent instabilities in low viscosity QGP [88] is consistent
with the development which can be obtained in oversimplified analytic models [90].

The development of hybrid models will enable us to make a more realistic connection to different hadronic experi-
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ments, and thus being able to have detailed and more realistic predictions for more experimental quantities.

[1] F.H. Harlow, A Machine Calculation Method for Hydrodynamic Problems, LAMS-1956, (1955).
[2] F.H. Harlow, M. Evans, and D. Harris, Jr., The Particle-in-Cell Method for Two-Dimensional Hydrodynamic Problems,

LAMS- 2082, (1956).
[3] M.W. Evans and F.H. Harlow, The Particle-in-Cell Method for Hydrodynamic Calculations, LA-2139 (1957). (Description

of PIC in one and two space dimensions including calculational results from both.)
[4] F.H. Harlow, Hydrodynamic Problems Involving Large Fluid Distortions, J. Assoc. Comp. Mach 4 (1957) 137 (First PIC

description published in the open literature.)
[5] F.H. Harlow, The Particle-in-Cell method for Numerical Solution of Problems in Fluid Dynamics, Proc. Symp. Appl. Math.

15, 269 (1963).
[6] F.H. Harlow, The particle-in-cell computing method for fluid dynamics, Methods Comput. Phys. 3, 319 (1964).
[7] F.H. Harlow and A. A. Amsden, Numerical Calculation of Almost Incompressible Flow, J. Comp. Phys. 3 (1968) 80-93.
[8] A. A. Amsden, The Particle-in-Cell Method for the Calculation of the Dynamics of Compressible Fluids, Los Alamos

Scientific Laboratory Report LA-3466, (1966).
[9] F.H. Harlow and A. A. Amsden, Fluid Dynamics, Los Alamos Monograph, LA-4100 (1971).

[10] F.H. Harlow, PIC and its progeny, Comp. Phys. Comm. 48, 1-10 (1988).
[11] J.U. Brackbill, The First Half Century of the Particle-in-Cell Method, Invited Talk, APS Div. of Comp. Phys. Annual

Mtg., Conference on Computational Physics 2002, 25-28 August 2002, San Diego; LAUR-02-5465.
[12] J.J. Monaghan, Why Particle Methods Work, SIAM J. Sci. Stat. Compu. 3, 422. (1982).
[13] J.J. Monaghan, Particle Methods for Hydrodynamics, Comp. Phys. Repts. 3, 71 (1985).
[14] R.A. Gingold and J.J. Monaghan, Smoothed particle hydrodynamics: Theory and application to non spherical stars, Mon.

Not. Roy. Astr. Soc., 181, pp. 375-389 (1977)
[15] F.H. Harlow, A.A. Amsden, J.R. Nix, Relativistic Fluid Dynamics Calculations with the Particle-in-Cell Technique, J.

Comp. Phys. 20 (1976) 119.
[16] F.H. Harlow, A.A. Amsden, J.R. Nix, Relativistic Nuclear Fluid Dynamics, Phys. Rev. C15 (1976) 2059.
[17] R.B. Clare and D. Strottman, Relativistic Hydrodynamics and Heavy Ion Reactions, Phys. Rep. 141 (1986) 177.
[18] A.A. Amsden, G.F. Bertsch, and F.H. Harlow, and J.R. Nix, Relativistic Hydrodynamic Theory of Heavy-Ion Collisions,

Phys. Rev. Lett. 35 (1975), 905–908.
[19] A.A. Amsden, A.S. Goldhaber, F.H. Harlow and J.R. Nix, Relativistic Two-Fluid Model of Nucleus-Nucleus Collisions,

Phys. Rev. C17 (1978) 2080.
[20] A.S. Goldhaber and D. Strottman, Two-Fluids and Heavy Ion Reactions, Oct. (1986), unlikely to be published.
[21] W. Busza and A.S. Goldhaber, Nuclear Stopping Power, Phys. Lett. 139B, 235 (1984).
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